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0 (1)

2.2

1 ξ = 2 + i − j + 2k, η = 1− i + 3j + k

(1) ξη (2)
η

ξ
= ξ−1η

2 ξ = 3 + i + j + k, η = 2 + 3i + 2j + k (i) ξη
(ii) ξ−1η ⇒

II

1
2

0
1
2

0 (2)

3 ξ = 2 + i + j − k, η = 1− i + j + 2k, ζ = 3− i − j − k

(ξη)ζ = ξ(ηζ). . . (1)
(ξ + η)ζ = ξζ + ηζ. . . (2)
ξ(η + ζ) = ξη + ξζ. . . (3)

ξη 6= ηξ . . . (4)

4 ξ = 1 + 2i − j + 3k, η = 2− i + 3j + k

ξη, ηξ / ξ−1

⇒

II
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0
1
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0 (3)

4 (i − j)−1(1− i)−1(j − k)(k − 1)

( ) =
1

2
(j − i)

1

2
(1 + i)(j − k)(k − 1)

=
1

4
(j − k − i + 1)(i − j + 1 + k) = · · · = 1.

(i − j)−1(1− i)−1(j − k)(k − 1)

= (i − j)−1(1− i)−1(j − ij)(k − 1)

= (i − j)−1(1− i)−1(1− i)j(k − 1)

= (i − j)−1j(k − 1) = (i − j)−1(jk − j)

= (i − j)−1(i − j) = 1. ⇒
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6 ξ = 2 + i − j + 2k, η = 1− 2i − j − k ξη, ηξ, ξ−1,
ξ−1η, ηξ−1

i , j , k i2 = j2 = k2 = −1, ij = k, jk = i , ki = j

ξ−1η 6= ηξ−1

7 ξ = 1 + i + j + k, η = 1 + 2i + 3j + k

(1) ξη
(2) ξ−1

(3) ξδ1 = η, δ2ξ = η δ1, δ2

⇒
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0 (5)

8 ξ, η ξη, ηξ ξt = η, t ′ξ = η
t, t ′

9

(1) {(2 + i − 3j − k)(−1 + i + 2j − 2k)}(1 − i + 3j + k) (
)

10

(2 + 3i + k)(2j + 3k) ( )

11 ξ = 2 + 3j , η = i + 5k ξη

12 ε, η ∈ H ξ × η, ξ ÷ η
⇒

II



1
2

0
1
2

1 (1)

2.2

1 ~a = i − 2j + 4k = (1, 2, 4), ~b = −i − j + k = (−1,−1, 1)
~a~b

{

Re(~a~b) = −(~a · ~b)

Im(~a~b) = ~a × ~b

“ · ”, “×”

17
⇒

II

1
2

0
1
2

1 (2)

2 2 a = 2i + 3j − 2k, b = 3i − 4j + k

~a = (2, 3,−2), ~b = (3,−4, 1)
~a · ~b, ~a × ~b ab

3 (1) ~a = xi + yj + zk, ~b = x ′i + y ′j + z ′k

~a~b = −(~a · ~b) +~a × ~b
(2) ~a = 3i − j − 2k, ~b = 2i − 3j + k Re(~a~b), Im(~a~b)

p. 17
⇒
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0
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1 (3)

4 ~a, ~b ~a~b
Re(~a~b) = −(~a · ~b), Im(~a~b) = ~a × ~b

(1) ~a = i + j + k , ~b = i + 2j + 3k .
(2) ~a = −i + 3j − 2k , ~b = 3i − j − k .
(3) ~a = i + 2k , ~b = j − 3k .

(4) ~a = 2i + 3j + k , ~b =
1

14
(−2i − 3j − k).

⇒
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5 ~a, ~b
Re(~a~b) = −(~a · ~b), Im(~a~b) = ~a × ~b
~a~b = −(~a · ~b) +~a × ~b

~a = 3i + 2j + k, ~b = i + 2j + 3k

6 ( )

7 ~a = (1, 1, 0), ~b = (1, 0, 1),
~a = i + j , ~b = i + k (~a,~b), ~a × ~b, ~a~b
Re(~a~b) = −(~a · ~b), Im(~a~b) = ~a × ~b

8 ~a =





2
1
1



, ~b =





1
−1

3



 (~a,~b ∈ R3) ( )

9 a, b, c , x , y , z i , j , k

⇒
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0
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1 (5)

10 ξ, η ~a, ~b

(i) ~a = (−1, 2, 2) ξ = −i + 2j + 2k, ~b = (1,−1, 2)
η = i − j + 2k.

(ii) ~a = (3, 2,−1) ξ = 3i + 2j − k. ~b = (−2, 3,−5)
η = −2i + 3j − 5k.

11

12
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3.2

1 A(−2
√

6,−2
√

2,−2)
(2
√

6,−2
√

2,−2) 2
3π

2 P ~p =
−→
OP = i + 2j + 3k

~v =
(√

2
2 ,

√
2

2 , 0
)

~v

P ~v π

2
P′ ~p′

⇒
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0
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2 (2)

3

P = (2, 1, 0)
(1) ~v1 = (0, 0, 1), θ1 = π

3 .
(2) ~v2 = (1, 1, 1), θ2 = 3

2π.

3 ~v ~v
P(2, 1, 0) θ

(1) ~v = (0, 0, 1), θ = π

3 .
(2) ~v = (1, 1, 1), θ = 3

2π.
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4 q = 1√
2

+ 1√
2
k: p = 2i − j + k:

q p′ = i +2j + k
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5 (1, 0, 0) ~e = (1, 0, 0)
~e π

2

6 (1) ~u = (1, 0, 1)
P(1, 3, 1) ~u

π

2
(2) (1,−1, 0) ~v = (1, 0, 0)

~v
π (1, 1, 0)

⇒
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7 (0, 0, 0) ~v =
1√
2





1
1
0





P(2, 1, 0) π P′

(i) R3 ≃ Im H q = cos θ

2 +
(

sin θ

2

)

~v
q

(ii) (i) P′

x-y

(iii) x-y P′ (ii)

⇒
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2 (6)

8 z 90◦

xz yz

9 ℓ 2 (0, 0, 0) (3, 4, 5)

P

(

2−
√

6
2 , 1−

√
6,
√

6
2

)

ℓ 60◦

10 ~u =





0
0
1





P(0, 1, 1) π

2 P′

11 q = (qx , qy , qz) Q θ
(vx , vy , vz) 7→ (v ′x , v

′
y , v ′z)

(v ′x , v
′
y , v ′z)

⇒
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2

1 0 ξ, η

ξη = ηξ ⇔ −−→
Im ξ//

−−→
Im η

−−→
Im ξ ξ 3

1 0 ξ, η ξη = ηξ
Im ξ Im η

⇒
II
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0 (2)

2 ξ = a + bi + cj + dk, η = p + qi + rj + sk
a, b, c , d , p, q, r , s ∈ R

1 Re ξη = Re ηξ
2 ξη = ηξ
3 ξ, η

2 ξ = a + bi + cj + dk, η = p + qi + rj + sk
a, b, c , d , p, q, r , s

⇒

II

1
2

0
1

0 (3)

3 ξ = (1 + 3i + aj + k), η = (3 + bi + 4j + 2k)
ξη = ηξ a, b

3 ξ = 1 + 3i + aj + k, η = 3 + bi + 4j + 2k ξη = ηξ
a, b

⇒
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4 i , j , k i2 = j2 = k2 = −1, ij = k , jk = i , ki = j

a x

(1 + i + j + k)x2 + (−2a− 4i − k)x + a
2 + 3i − j = 0 (∗)

1 (∗) 1 a

2 a (1) 1

4 x

(1+i+j+k)x2+(−2a−4i−k)x+a
2+3i−j = 0 (a ) (∗)

1 (∗) a

2 a (1) (∗)
2
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5 ξ, η ξ = t + xi + yj + zk
t, x , y , z

1 ξ2 t, x , y , z
2 η2 = 1 + i + j + k η
3 η2 = 1 + 2i + 3j + 4k η
4 ξ2 = −1 ξ t, x , y , z

(x , y , z)

5

1 η2 = 1 + i + j + k ξ (2 )
2 η2 = 1 + 2i + 3j + 4k ξ (0 )
3 ξ2 = −1 ξ (∞ )

⇒

II
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6 1 ξ = t + xi + yj + tz ξ2 t, x , y , z

2 ξ 2

ξ
2 = a (a: )

a > 0 2
a = 0 1
a < 0

6 ξ 2

ξ
2 = a (a )

a > 0 2
a = 0 1 ,
a < 0

⇒
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7 1 a, b, c a ≥ 0, b ≥ 0 c =≤ 2
√

ab

a + b + c ≥ 0
√

a + b + c ≤ √a +
√

b

2 ξ, η |ξ + η| ≤ |ξ|+ |η|

3 (ξn)
∞

n=1 ξ lim
n→∞

ξn = ξ

lim
n→∞

|ξn − ξ| = 0 lim
n→∞

ξn = ξ lim
n→∞

|ξn| = |ξ|
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8

1 ξη = ηξ ξ−1η−1 = η−1ξ−1

2 ξ ξ2 = ξ ξ = 0, 1

8

1 ξ, η ξη = ηξ ξ−1η−1 = η−1ξ−1

2 ξ2 = ξ ξ 0, 1

9 1 ( 1
2
− i

2
− j

2
− k

2
)2, ( 1

2
− i

2
− j

2
− k

2
)3

2 ( 1
2
− i

2
− j

2
− k

2
)n

9 1 ( 1
2
− i

2
− j

2
− k

2
)2, ( 1

2
− i

2
− j

2
− k

2
)3

2 n ( 1
2
− i

2
− j

2
− k

2
)n

⇒

II

1
2

0
1

0 (9)

10 xi + yj + zk (x , y , z )
(x , y , z) i + j + k, −i + 1

2 j − k, i + 1
4 j ,

3
2 j + k

10 xi + yj + zk (x , y , z )
(x , y , z) i + j + k, −i + 1

2 j − k, i + 1
4 j ,

3
2 j + k

1
⇒
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0 (10)

11 σ1 =

(

0 1
1 0

)

, σ2 =

(

0 i

−i 0

)

, σ3 =

(

1 0
0 −1

)

, E =

(

1 0
0 1

)

i = σ1, j = iσ2, k = iσ3 i, j, k i , j ,
k

12 ξ, η ξη = η̄ξ̄ p. 15
η̄ξ̄

⇒
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0 (11)

13 ξ = t + xi + jy + kz , η = 1 + 3i − 2j + 4k,
ζ = 7

30 − 1
30 i − 1

5 j − 4
15k ξηζ = 3 + 6i + 3j − k

t, x , y , z

(ηζ)−1

14 ξ = a + bi + cj + dk, η = a′ + b′i + c ′j + d ′k ξη 6= ηξ
a, b, c , d ∈ R, a′, b′, c ′, d ′ ∈ R

⇒
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15 ξ = 4−2i +2j +k 2
~a, ~b

ξ~a = i − 18k + 5, η~b = 9i + 21j + 9k − 8.

1 ~a, ~b
2 2

~a, ~b

2 ⇒
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3
1 P(1, 2, 3) ~v = (1, 1, 1)

~v θ P

P
′

„

−
√

6

3
+ 2,

√
6− 3

√
2

12
+ 2,

√
6

3
+ 2

«

θ 0 ≤ θ < 2π

1 ~v = (1, 1, 1) ~v

θ P(1, 2, 3)
P′(. . . ) θ (0 ≤ θ < 2π)

P′

⇒
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2

0
1

1 (2)

2 ~v θ

q = cos θ

2
+

`

sin θ

2
~v
´

~w

q~wq̄ = (cos θ)~w + (sin θ)(~v × ~w) + (1− cos θ) · (~v · ~w) · ~v

2 ~v θ

q = cos θ

2
+

`

sin θ

2
~v
´

~w

q~wq̄ − (cos θ)~w + (sin θ)(~v × ~w) + (1− cos θ)(~v · ~w)~v

⇒
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1
2

0
1

1 (3)

3 ~v θ q

q = cos θ

2
+ sin θ

2
~v

P ~p =
−→
OP−−→

OP′ = ~p′ = q~pq̄ P′ ~v

P ~v θ−−→
OP′′ = ~p′′ = q̄~pq

3 ~v θ q

q = cos θ

2
+ sin θ

2
~v P ~p =

−→
OP

−−→
OP′′ = ~p′′ = q̄~pq

⇒
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1

1 (4)

4 ~v ~e3 = ~v ~v
l {~e1,~e2,~e3}

q = cos θ

2 +
(

sin θ

2

)

~v
q~e3q̄ = ~e3

4 ~v l

{~e1,~e2,~e3}
q = cos θ

2 +
(

sin θ

2

)

~v θ q~e3q̄ = ~e3

l

⇒
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1

1 (5)

5 ~v θ

q = cos
θ

2
+

„

sin
θ

2

«

~v

~v l ~e3 = ~v l

{~e1,~e2,~e3}

q~e1q̄ = (cos θ)~e1 + (sin θ)~e2, q~e2q̄ = −(sin θ)~e1 + (cos θ)~e2, q~e3q̄ = ~e3

5 ~v θ

q = cos θ

2
+

`

sin θ

2

´

~v ~v l

{~e1,~e2,~e3}
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6 p. 18 l ~v = 1√
2
(0, 1, 1),

P = (1, 2, 1), θ = π

2

6 18 l

~v = 1√
2
(0, 1, 1), P(1, 2, 1), θ = π

2
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7 (i) R3 P(1, 2, 2) O

(1, 1, 1) l 2
3π

P′

(ii) (i) P l

V

7 (i) P(1, 2, 2) O

~v = (1, 1, 1) l ~v
2
3π P

′

(ii)
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8 3 A(2, 1,−3), B(1, 3,−2), C(3, 2,−1) ∠BAC = θ

(0 < θ < π

2
)

−→
AC

D(1,−1, 1)
−→
AC 2θ

D′ BDD′ S

8 3 A(2, 1,−3), B(1, 3,−2), C(3, 2,−1) ∠BAC = θ

(0 ≤ θ < π)
−→
AC

D(1,−1, 1)
−→
AC 2θ

D′ BDD′

1
4

√

289 − 190
√

2

⇒
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1
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0
1

1 (9)

9 R3 R3 P(2, 4,−2)
(1, 1, 0) l π

2
y

π

2
Q

10 R3 A B

11 2x + y − z = 0 P(2, 1,−1) θ = 2
3
π

P′

⇒

II


