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Assume two C'*° matrix-valued functions X (t) and §(t) satisfy

dXx(t) = X()Q(t), X (to) = Xo.

dt
D

Then .

det X (t) = (det Xp)exp [ trQ(7)dr.
P~ —

+
@ if Xo € GL(n,RPthen X(t) € GL(n,R) for all t.
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/ then det X (t) is constant. In particular, if U aq
Xo € L(n R)) X is a function valued in SL(n,R). w
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Preliminaries
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Let Q(t) be a C*°-function valued in M,,(R) defined on an interval
1. Then for each ty € I, there exists the unique matrix-valued
C*>-function X (t) = Xy, a(t) such that

dX(t) _.
=R =XOU),  X(to) =id.
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There exists the unique matrix-valued C*°-function X3, x,(t)
defined on I such that

PO _ xmow, X0 «(Xo) (X() = X x,(0)

In Particular,@ is of c/a@ in Xy and t.
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Let Q(t) and B(t) be matrix-valued C*°-functions defined on I.
Then for each ty € I and Xy € M,,(R), there exists the unique
matrix-valued C'*°-function defined on I satisfying

dX (t)
dt

— X0 +B(),  X(to) = Xo.

T
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Let I and U be an interval gnd a domain in R™, respectively, and
let Q(t, o) and B(t, o) be matrix-valued C*°-functions defined on
IxU (a=(a1,...,0u,)). Then for eachty € I, a € U and

Xo € M, (R), there exists the unique matrix-valued C*°-function
X (t) = Xty x0.a(t) defined on I such that

di—p = X#)Qt a)+ B(t,a), X(to)=Xo. (1)

Moreover,
I x1Ix Mn(R) x U > (t,to,X(),a) — Xto,Xo,a(t) € Mn(R)

is a C'°°-map.
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Application to Space_Curves ( ‘f)bﬂ \w m}/}:lﬁﬁ)

&
> 3.
'yél — R”°: a_space curve parametrized by the arclength.
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\.{’l > ()= |€|; we_assume k > 0 (the curvaturef

> = €' /k (the principal normal)
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The Fundamental Theorem for Space Curves

Theorem (Thm. 1.17)

Let k(s) and 7(s) be C*-fnctions defined on an interval I
satisfying k(s) > 0 on I.

Then there exists a space curve y(s) parametrized by arc-length
whose curvature and torsion are k and T, respectively.

Jforeover, soeh a curve is unique up to transformation
A € S0(3), b € R?) of R3.
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