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Integrability Conditions

0X

S =XQ (G=1...m).  X(Po)=Xo. (9

Proposition (Prop. 2.3)
If a matrix-valued C* function X : U — GL(n,R) satisfies (*), it
holds that 00, oq,

= .

T~ e = U — Yy

for each (j, k) with1 < j <k < m.
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Integrability Conditions

Lemma (Lem. 2.4)
Let Q;: U = My(R) (j =1,...,m) be C>°-maps defined on a
domain U C R™ which satisfy

09, 0%y

Then for each smooth map
o: D3 (tw)— o(t,w) = (u'(t,w),...,u"(t,w)) €U

defined on a domain D C R?, it holds that

oT oW
= = 7 T =
5w o~ ITWAHWT =0,

where T := 370, ;08 W o= >t 0,9, (@ :=Q;00).
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Integrability Conditions
0X .
30~ X% (=L....m),  X(Po)=Xo. (*)

Lemma (Lem. 2.1)

Let X: U — M, (R) be a C*°-map satisfying (*). Then for each
smooth path v: I — U defined on an interval I C R,

X := X o~ : I — M,(R) satisfies the ordinary differential equation

ax t) = X (t)Q(t) ( ZQ oy(t duj ))

s

on I, where v(t) = (u'(t),...,u™(t)).
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Integrability of Linear systems

0X .
o, 08y
Jak  ow — Y~ )

Theorem (Thm. 2.5)

Let Q;: U — Mu(R) (j =1,...,m) be C*-functions defined on a
simply connected domain U C R™ satisfying (2). Then for each
Py € U and Xy € M,,(R), there exists the unique n X n-matrix
valued function X : U — M, (R) satisfying (1)
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Application: Poincaré’s lemma

Theorem (Poincaré’s lemma)
If a differential 1-form

m .
W= Zaj(ul, conu™) du?
j=1

defined on a simply connected domain U C R™ is closed, that is,
dw = 0 holds, then there exists a C*°-function f on U such that
df = w. Such a function f is unique up to additive constants.
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Application: Conjugation of harmonic functions

Theorem

Let U c C = R? be a simply connected domain and &(u,v) a
C*-function harmonic on U. Then there exists a C*° harmonic
function ) on U such that {(u,v) + in(u,v) is holomorphic on U.
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Application: Conjugation of harmonic functions

Example

&(u,v) = e"cosw
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Exercise 2-1

Problem
Let &(u,v) :=log vu? + v? be a function defined on
U =R\ {(0,0)}

1. Show that £ is harmonic on U.

2. Find the conjugate harmonic function n of & on
V =R2\ {(4,0)|]u <0} CU.

3. Show that there exists no conjugate harmonic function of £
defined on U.
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Exercise 2-2

Problem
Let & = 0(u,v) be a smooth function on a domain U C R? such
that 0 < 6 < m, and set

6., cot O 0 cot 0 0 —0,cscl —cscl
Q:= | —60,csch 0 —csch |, A:= 0 6, cot 6 cotd | .
0 sin 6 0 sin 6 0 0

Prove that the compatibility condition of a system of partial
differentail equation

oOF oF
ou Fi ov 4
is equivalent to
Oy = sin 6.
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Exercise 2-3

Problem
Let v = v(x,y, z) be a vector field defined on a simply connected

domain U in (R3; (x,y, 2)). Assume that v is irrotational, that is,
rotv = 0. Then there exists a function ¢: U — R such that

v = grad .
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