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“Index” formulation

I (u1, u2) = (u, v)

I f,i =
@f

@ui

ds2 = dp · dp =
2X

i,j=1

gij du
i duj , (gij := p,i · p,j),

II = �dp · d⌫ =
2X

i,j=1

hij du
i duj , (hij := �p,i · ⌫,j = �p,j · ⌫,i)

(gij) := (gij)
�1

X

k

gikgkj = �ij
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Gauss Frame

F : U 3 (u1, u2) 7!
�
p,1(u1, u2), p,2(u1, u2), ⌫(u1, u2)

�
2 GL(3,R)

Theorem

@F
@uj

= F⌦j

0

@⌦j :=

0

@
�1
1j �1

2j �A1
j

�2
1j �2

2j �A2
j

h1j h2j 0

1

A

1

A

where

�k
ij :=

1

2

2X

l=1

gkl(gil,j + glj,i � gij,l), (i, j, k = 1, 2)
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ChristAUS symbol



・ P, ij
= Ij Pi + 晴 が hj 。 二倍 間 旼が

P
, ij an be presented by a Gas - Formula
=

linearumpinatmofpi.P.2.tl
Set P, ij

= AJPie P, 2 + 7ij °

☆ Since Bj ・ N = 0 か 。 。 。 = 1

P.ij.to = 7j
ll 、、

0

( P, in U )j
・ Pig = - Pi ・ Y = hg

えりげ 打



o R ij
= AJPie P, 2 + 7ij O 二 科 へ鄂が別

_
腓加 = 高 1が Re) =紵 9・

II

や器か 閂な口の おな 城前
ie +1だな。

± gie.j-gij.lt しれ ・ 吼 - R ・ Pi i
= go.j-gu.gg i 一 が逃
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言 碌 = 誐の 乱進
theorem

{が詡 和 = 註がい ≈⑤
8k

11
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Adapted Frame

I p : U ! R3: a regular surface
I ⌫: the unit normal
I E = (e1, e2, e3) : U ! SO(3), (e3 = ⌫): an adapted frame

Ǐ =

✓
g11 g12
g21 g22

◆
such that (pu, pv) = (e1, e2) Ǐ

ǏI =

✓
h11 h12
h21 h22

◆
such that

�
(e3)u, (e3)v

�
= �(e1, e2) ǏI .
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Gauss-Weingarten formula

Eu = E⌦, Ev = E⇤
0

@⌦ :=

0

@
0 �↵ �h11
↵ 0 �h21
h11 h21 0

1

A , ⇤ :=

0

@
0 �� �h12
� 0 �h22
h12 h22 0

1

A

1

A .
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Exercise 3-1

Problem (Ex. 3-1)
Assume the first and second fundamental forms of the surface
p(u1, u2) are given in the form

ds2 = e2�((du1)2 + (du2)2), II =
2X

i,j=1

hij du
i duj ,

where � is a smooth function in (u1, u2). Compute the matrices
⌦j (j = 1, 2).
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Exercise 3-1

Problem (Ex. 3-2)
Assume the first and second fundamental forms of the surface
p(u1, u2) are given in the form

ds2 = (du1)2 + 2 cos ✓ du1 du2 + (du2)2, II = 2 sin ✓ du1 du2,

where ✓ is a smooth function in (u1, u2). Compute the matrices
⌦j (j = 1, 2)
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