
Advanced Topics in Geometry E (MTH.B501)
The Gauss and Codazzi equations

Kotaro Yamada
kotaro@math.titech.ac.jp

http://www.math.titech.ac.jp/~kotaro/class/2022/geom-e/

Tokyo Institute of Technology

2022/05/17

http://www.math.titech.ac.jp/~kotaro/class/2022/geom-e/


The Gauss-Weingarten formulas

p = p(u1, u2) : a parametrized surface
ν = ν(u1, u2) : the unit normal vector field

F = (p,1, p,2, ν) : the Gauss Frame

The Gauss-Weingarten formula:

∂F
∂uj

= FΩj (j = 1, 2)

Advanced Topics in Geometry E 2022/05/17 2 / 5



The Gauss-Weingarten formulas

Ωj =

Γ1
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j
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hj1 hj2 0
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∑
l

gkl(glj,i + gil,j − gij,l)

gij = p,i · p,j , (gij) = (gij)
−1

hij = −p,i · ν,j = −ν,i · p,j
Ai

j =
∑
l

gilhlj
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Exercise 3-1

Problem (Ex. 3-1)
Assume the first and second fundamental forms of the surface
p(u1, u2) are given in the form

ds2 = e2σ((du1)2 + (du2)2), II =

2∑
i,j=1

hij du
i duj ,

where σ is a smooth function in (u1, u2). Compute the matrices
Ωj (j = 1, 2).
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Exercise 3-2

Problem (Ex. 3-2)
Assume the first and second fundamental forms of the surface
p(u1, u2) are given in the form

ds2 = (du1)2 + 2 cos θ du1 du2 + (du2)2, II = 2 sin θ du1 du2,

where θ is a smooth function in (u1, u2). Compute the matrices
Ωj (j = 1, 2)
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