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The ingetrablility conditions

The Gauss-Weingarten formulas:
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The integrability conditions:

0 0

— — N+ Q0 =0

o oul

2022/05/17

2/8



The Gauss and Codazzi equations

Theorem (Theorem 4.3)

The integrability condition of G-W formula is equivalent to the
following three equalities:

hit2 —hai1 = Z (F§1h1j - F{1h2j>

j
higa — ha21 = Z (Fgghlj - F{2h2j>

J

1
Ky = §(h11h22 — hizha) (= K)
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The Gauss and Codazzi equations

Theorem (Theorem 4.3, continued)

Here, g := det(gij) = g11922 — 912921, and
1
dez = §R12,

1
Rjy := §(g1k,2j — 912k + 92,1k — G2k.15)

_Zgis( isFZij - le%j)
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Formulas
> (97) = (g9i5)7"

Z g9y =05 9h==2_9"9"gans
a’lB
1
> T} = B} > 0" (i + gig — 9i50) =T
l

gizk = Y _(9al o T) ZF =5-95 (g9=det(g;))
1
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Proof of Theorem 4.3
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Exercise 4-1

Problem (Ex. 4-1)

Assume L = N = 0, that is, IT = 2M du dv = 2hqo du' du?, Prove
that, if the Gaussian curvature K is negative constant,

E, =G, =0, that is,g11,2 = g22.1 = 0.
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Exercise 4-2

Problem (Ex. 4-2)

Assume F =0 and E = G = €7, where o is a function in (u,v).
Let z = u+iv (i =+/—1) and define a complex-valued function q

in z by
o(2) = L(u,v) —2 N(u,v) iM(u,v).
Prove that the Codazzi equations are equivalent to
Jq 9o OH
0z~ 92

where H is the mean curvature, and
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