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The Gauss-Weingarten formulas

p = p(u1, u2) : a parametrized surface
ν = ν(u1, u2) : the unit normal vector field

F = (p,1, p,2, ν) : the Gauss Frame

The Gauss-Weingarten formula:

∂F
∂uj

= FΩj (j = 1, 2)
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The Gauss and Codazzi equations

h11,2 − h21,1 =
∑
j

(
Γj
21h1j − Γj

11h2j

)
h12,2 − h22,1 =

∑
j

(
Γj
22h1j − Γj

12h2j

)
Kds2 =

1

g
(h11h22 − h12h21)

(
= K

)
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Exercise 4-1

Problem (Ex. 4-1)
Assume L = N = 0, that is, II = 2M dudv = 2h12 du

1 du2, Prove
that, if the Gaussian curvature K is negative constant,

Ev = Gu = 0, that is,g11,2 = g22,1 = 0.
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Exercise 4-2

Problem (Ex. 4-2)
Assume F = 0 and E = G = e2σ, where σ is a function in (u, v).
Let z = u+ iv (i =

√
−1) and define a complex-valued function q

in z by
q(z) :=

L(u, v)−N(u, v)

2
− iM(u, v).

Prove that the Codazzi equations are equivalent to

∂q

∂z̄
= e2σ

∂H

∂z
,

where H is the mean curvature, and

∂

∂z
=

1

2

(
∂

∂u
− i

∂

∂v

)
,

∂

∂z̄
=

1

2

(
∂

∂u
+ i

∂

∂v

)
.
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