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Riemannian connections

Lemma (Lemma 2.7)

There exists the unique bilinear map
V:X(M)xX(M)> (X,Y)— VxY € X(M) satisfying

VyY - VyX = [X,Y],
XY, Z) = (VxY,Z) + (X,Vy 2)
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Linear Connections

Lemma (Lemma 2.9)
The Riemannian connection V satisfies

VixY = fVxY,  Vx(fY) = (Xf)Y + fVxY.
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Orthonormal Frame

Definition
Let U C M be a domain of M. An n-tuple of vector fields
{ei1,...,en} on U is called an orthonormal frame on U. if

<6i, 8j> = (S”
It is said to be positive if M is oriented and {e;} is compatible to
the orientation on M.
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Gauge Transformations

Lemma (Lemma 2.13)

Let {e;} and {v;} be two orthonormal frames on U C M. Then
there exists a smooth map

©: U — O(n) such that [e1,...,en] =[v1,...,v,]0.

Moreover, if {e;} and {v;} determines the common orientation, ©
is valued on SO(n).
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Connection Forms

Definition (Definition 2.15)

The connection form with respect to an orthonormal frame {e;} is
a m X n-matrix valued one form € on U defined by
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Exercise 2-1

Problem (Ex. 2-1)

Let {e;} and {v;} be two orthonormal frames on a domain U of a
Riemannian n-manifold M, which are related as (7). Show that
the connection forms ) of {e;} and A of {v;} satisfy
Q=0"1A0+0671de.
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Exercise 2-2

Problem (Ex. 2-2)

Let R} be the 3-dimensional Lorentz-Minkowski space and let
H?(—c?) the hyperbolic 2-space (i.e. the hyperbolic plane) as
defined in Example ?7?. Verify that

sinv

1 COSV .
(u,v) — (— cosh cu, sinh cu, sinh cu
c

gives a local coordinate system on U := H?(—c?)\ {(1/¢,0,0)},
and

e1 := (sinh cu, cos v cosh cu, sin v cosh cu), ey := (0, —sinwv, cosv)

forms a orthonormal frame on U.
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