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Let ©2 be an M,,(IR)-valued 1-form on a simply connected
m-manifold M satisfying

@HMQ:O.?

Then for each Py € M and Fy € M,,(R), there exists the unique
n X n-matrix valued function F': M — M,,(R) satisfying (@ with
F(P) = Fy. Moreover,

» if Fp € GL(n,R), F(P holds on M,
> if Fy 4 and £ is skew-symmetrig) F'(P) € SO(n) holds

on M.
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d and
olds, then
Such a

connected m-manifold M is closed, that is
there exists a C°°-function f on U such tha
function f is unique up to additive constants.
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» (M,g): a Riemannian n-manifold.
» U C M: a domain

» [e1,...,ey]: an orthonormal frame.

> Q= (wf) the connection form with respect to [e;].
N

K_dQ—i—Q/\Q the curvature form ﬂ] M w.vt Cel
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> 0: U — SO(n): le1,...,ey] =[v1,...,v,]0 4= 800@.. WS‘§

v
=

the connection form w. r. to [v;] ¢

» K: the curvature form w. r. to [v}]

1. Q=0"'00 +@ — Brdu 2-|
2. K =0"1K®.
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Let U be a domain of a Riemannian n-manifold (M, g) and K the
curvature form with respect to an orthonormal frame [eq, . .., e;]
on U. For a point P € U, there exists a local coordinate system
(xt,...,2"™) around P such that [0/0x',...,0/0z™] is an
orthonormal frame if and only if K vanishes on a neighborhood of
P

2 Joegd coordindes (., — ) <t

- el e

& K=0 a)

Advanced Topics in Geometry F Curvature as integrability



\ (
AQS'W\M), [.U_)f:‘ =t ?%Eh = (:Q\ == Qv\:‘

ot
PR Rred
TRe camading, fae wovdo [Q}
S K= gQ~QaQ = O :Hat



Ay, K= 40~ QA wew Te - &)
=0 ( Qloawt wamonly 0)
v Fund an ovibiorend S 0 %) s

6 - &1=Cyh~ WI®

&\=@*®*d®

< Solwe - ity
* Ge= 0dy
I® hecume QL+ QAL




D=0 = (to b cdind)

~
: W
S =0 W (N\ ad (- %)
k)“
= 31( at (nl":‘ l/,OH'
1

dosiied  eordinade sydhwa



Consider a Riemannian metric

g = dr’+{p(r)}? do? on U:={(r0);0<r<ry,—m<6<mr}

where 1o € (0,+00] and ¢ is a positive smooth function defined on
(0,70) with

. : /
rl—1>I-Ii-1080(r) =0, Tl_l)l’_Ii_lOQD (T) -1

Find a function ¢ such that (U, g) is flat.
(Hint: [0/0r, (1/p)0/00)] is an orthonormal frame.)
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Let R} be the 3-dimensional Lorentz-Minkowski space and let
H?(—c?) the hyperbolic 2-space (i.e. the hyperbolic plane) as
defined in Example . Verify that

oSV . sin v
sinh cu,

1
(u,v) — <— cosh cu, ¢

sinh cu
c

gives a local coordinate system on U := H?(—c?)\ {(1/c,0,0)},
and

e := (sinh cu, cos v cosh cu, sin v cosh cu),

ey := (0, —sinwv, cosv)

forms a orthonormal frame on U.
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