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Addendum 1

Proposition (Prop 3.1; The local expression of the Lie bracket)

Let (U;2',...,2") be a coordinate neighborhood of an n-manifold
M. Then the Lie bracket of two vector fields
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Addendum 2

Proposition (Prop 3.2)
Let U be a domain of a Riemannian n-manifold (M, g) and

le1,...,ey] an orthornomal frame on U. Then the connection
form w! with respect to the frame |e;] is obtained as

lten) = 5 (- lleneslen) + lleg.enl.e) + (lensele) ).

where ( , ) denotes the inner product induced from g.
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Exercise 3-1

Problem (Ex. 3-1)

Consider a Riemannian metric
g = dr’+{p(r)}? db* on U:={r0);0<r<ry,—m<6<mr}

where 1o € (0,+00] and ¢ is a positive smooth function defined on
(O, 7"0) with

. - . / _
rgrfklogo(r) =0, rlir}klo(p (T) =1

Find a function ¢ such that (U, g) is flat.
(Hint: [0/0r, (1/p)0/00)] is an orthonormal frame.)
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Exercise 3-2

Problem (Ex. 3-2)

Compute the curvature form of H?(—c?) with respect to an
orthonormal frame [e1, es] as in Exercise 2-2
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Exercise 2-2

Problem (Ex. 2-2)

Let R} be the 3-dimensional Lorentz-Minkowski space and

Verify that

oSV . sinv
sinh cu,

1
u,v) — —coshcu,C
c

sinh cu)

gives a local coordinate system and

e1 := (sinh cu, cos v cosh cu, sin v cosh cu),

ey := (0, —sinwv, cosv)

forms a orthonormal frame.
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Preliminaries: Differential Forms
a € T(N’T*M), w, p € T(T*M)

(WA )X, Y) = w(X)u(Y) = wY)u(X),
(aANw)(X,Y,Z) = (wAha)(X,Y,Z)
=a(X,Y)w(Z)+ aY, Z)w(X) + a(Z, X)w(Y).
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Preliminaries: Differential Forms
a € T(N2T*M), w, p € T(T*M), f € F(M)

df(X)=Xf
dw(X,Y) = Xw(Y) - Yw(X) — w([X,Y))
do(X,Y,Z) =Xa(Y,Z)d+Ya(Z,X)+ Za(X,Y)
- Oé([X, Y]7Z) - a([Z7 X]7Y) - O‘([K Z]vX)'

ddf =0, ddw = 0, dpAw)=duANw—p A dw.
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Preliminaries: Exterior products

» V: n-dimensional vector space with inner product ( , )
» [e1,...,ey]: an orthonormal basis
A?V := Span{e; A ej,i < j}
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