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Exercise 4-1

Problem (Ex. 4-1)
Consider a Riemannian metric

g = dr2 + {ϕ(r)}2 dθ2 on U := {(r, θ) ; 0 < r < r0,−π < θ < π},

where r0 ∈ (0,+∞] and ϕ is a positive smooth function defined on
(0, r0) with

lim
r→+0

ϕ(r) = 0, lim
r→+0

ϕ(r)

r
= 1.

Classify the function ϕ so that g is of constant sectional curvature.

κ21 = −ϕ′′

ϕ
ω1 ∧ ω2
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Exercise 4-2

Problem (Ex. 4-2)
Let M ⊂ Rn+1 be an embedded submanifold with the Riemannian
metric induced from the canonical Euclidean metric of Rn+1. Then
the position vector vector x(p) of p ∈ M induces a smooth map

x : M 3 p 7−→ x(p) ∈ Rn+1,

which is an (n+ 1)-tuple of C∞-functions. Let [e1, . . . , en] be an
orthonormal frame defined on a domain U ⊂ M . Since
TpM ⊂ Rn+1, we can consider that ej is a smooth map from
U → Rn+1. Take a dual basis (ωj) to [ej ]. Prove that

dx =

n∑
j=1

ejω
j

holds on U .
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