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Surfaces in 3-manifolds
(N3,g9): a Riemannian 3-manifold.
» f: M? — N3: an immersion.
> ds?(X,Y) := g(df(X),df (Y)): the first fundamental form
» [e1, es]: an orthonormal frame on (U C M?, ds?)
>
>

[v1,v2] := [df (e1), df (e2)]

v3: the unit normal vector field

W = —g(dvs,v;) (j=1,2)
h := hle; + h’es
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The second fundamental forms

W= —g(dvs,v;)  (j=1,2)
h =1 (e;)
h:=h'e; + h’e;

Lemma (Lem. 7.1)
h} = h3.

2022/08/02 3 /13



The second fundamental forms

W= —g(dvs,v;)  (j=1,2)
h =1 (e;)
h:=h'e; + h’e;

Definition (Def. 7.2)
Koyt := hih3 — hih3 = h' A B2 (eq, e9),

_ hi1 + hao

H:
2
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The Fundamental Theorem

H3 (ko) (ko < 0),
N3 = N3(ko) := { R3 (ko = 0),
S3(ko) (ko > 0).

2022/08/02 5 /13



Surfaces in space Forms

Theorem (The fundamental theorem for surfaces, Thm. 7.4)

» U C R?%:a simply connected domain
» ds?: a Riemannian metric on U.
» [e1,es]: an orthonormal frame; ;1 = wy: the connection form.
» k: the sectional curvature.
» h', h2: one forms on U; Ko = h' A h%(eq, €3)
Assume
1. k= Kext + ko
2. dh' = h2 A, dh2 = —h' A pu.
= 3f: U — N3(ko) with ds®> and h = h'e; + hes as the
fundamental forms.
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Surfaces in space Forms

» f: U — N3(ko): an immersion
> [e1,es]: an orthonormal frame; p = wi: the connection form.
» h = h'le; + h%es: the second fundamental form.

» F = (v1,v2,v3): an adapted frame.

ko=0
N N 0 u —ht
dF=70, Q=-u 0 —n
Rt R%2 0
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Surfaces in space Forms

» f: U — N3(ko): an immersion
> [e1,es]: an orthonormal frame; p = wi: the connection form.
» h = h'le; + h%es: the second fundamental form.
» F = (v1,v2,v3): an adapted frame.
ko=—-c2<0

- - 1
dF =70, Q=%
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Application

Theorem (Thm. 7.6)

Let f: U — N3(kg) be an immersion of constant mean curvature
H defined on a simply-connected domain U C R%. Then there
exists an immersion fj : U — N 3(ko) of constant mean curvature
H +t sharing the first fundamental form with f, where

ko = ko — t2 — 2Ht.
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Example

Example

Let f: U — R? be a minimal surface (that is, with zero mean
curvature). Then there exists fi: U — H3(—1) of constant mean
curvature 1 with the same first fundamental form as f;.
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