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V. an @¥dimensional vector space over R

An inner product on V is a map

(D VxVa(@y)~ @y er

which is

» bilinear
» symmetric, and

» positive definite.
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Inner products on R" —~ s 2 S

(4 e
X
Example ]
[
R™: the set of n-dim. column vectors .('\
A = (ai;): a symmetric n x n-matrix of real components. T

Set th .

(, >:R”><Rn9(w,y)>—>©:Ay6R.

tvows~
[
(, ) is a symmetric bilinear form. e

is an inner product iff A is positive definite.
& *f) .
Fact [)04_ 0{) (((.Wb >0 GF’U VET Y]

N arbitrary inner product of R" is expressed in this way.
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Positivity of symmetric matrices

@: (aij): an n x n-matrix of real components.

Definition (AT) G:{ﬂ\)

> Ais symmetric & ‘A ="A & a;; = aj; for all indices i and j.
— C—

» a symmetric matrix A is positive definite t.azflaz > 0 for all
x € R\ {0}. ‘j T

(Fact >“

» The eigenvalues of a real symmetric matrix are real numbers.
» A real symmetric matrix A is positive definite if and only if
the eigenvalues of A are all positive.

4. Tarthook o -!ﬁmewiﬂv&
-y/ﬂa‘;’%\; (sech. 'f, V\%UMW'HL ‘(:NW(;)
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Example

Example @ (‘ ) N b[ Q

Let A := (i (11> (x,y) :='xAy fora € R S‘jW\W\ﬂV{,

O (, )]s a;—inner productFa—n:i only}if la| <
ATy &> Al ngowmi q{A >o
&> (adA>0 tra>o)

© 1=0*>0_ 250 & \-0>0
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(V,(, )): an n-dimensional R-vector space with inner product

()

An orthonormal basis of (V,(, )) is an n-tuple [ey,. .., e,] of
elements of V/
Snth tat Q&,,@ﬁ’"f

(€;,€5) = bij = {1 (Z: :]:) :

0 (i # J) e.-\- ©-
v

) i

Kovasht dulta
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» An orthonormal basis of (V. ( , )) is a basis of V.
[~ 4

> For two orthonormal bases [e;| and [f;], there exists an

orthogonal matrix P with M

[fl,..‘,fn]z[el,...,en®/ wmabn x

B (v

Advanced Topics in Geometry E1 Inner products



There exists an orthonormal basis for_any finite dimensional vector

spac ver R with inner product
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V. an n-dimensional R-vector space.

V*:={a: V = R; linear} (the dual space)
333
e (, ): an inner product; %3 .,:‘Iﬂgpgl
(/[61,..\.,6”]: an orthonormal basis
Set

@@9 x— w(x) = <2],:n> j:.t - n
A =

o [wh,...,w"] is a basis o called the dual basis of [eq, ..., e,].
L -
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» (V,(, )): an n-dimensional vector space with inner product

()

» [e1,...,ey]: an orthonormal basis.
> [wh,...,w"]: the dual of [e;]; w* = (ex, -).
*

Fact
v gww ww

n

(e 4>= 3::’.4 i 0c) o ()
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R™:)the vector space consisting of n-dim. column vectors

n
= txly = ijyj: The canonical inner product,
j=1
t ¢
I (x="(=',....;2"), y="(y",...,y")).

E" := (R™,(, )): the Euclidean vector space.
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The Lorentz-Minkowski vector space M\'mi\k‘rm )

¥ perh #uc
»(R"+1) the vector space of (n + 1)-dim. column vectors q‘u

-E)6D 5
(x —t(fco zloa™) y ="y ).
The canonical Lorentzian| “inner product”.

Definition
L = (R™,(, )): the Lo
—=
( Nots, f 3 =0 fw ¥ %&&w
= %=0 now MQM@EM&

rentz-Minkowski vector space.

-
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Let (, ) be an inner product of R? defined by

Lt _(1 a
<m7y> A d!Ay A_ a 1>a

where a is a real number with |a| < 1.
Find an orthonormal basis ey, es] with respect to { , ).
® Find row vectors & (j = 1,2) such that the dual basis [w/] of

le;] is expressed as wj. : &Lﬂ lL n“;

@) ek (=12 &
:‘L Gl") “th
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Let L3 be the 3-dimensional Lorentz-Minkowski vector space, and
fix € e L3 with (T, £) ;, = —1. Take the “orthogonal complement”

Wi=g = {§eL?; (5.6

|
» Show that W is #f 2-dimensional linear subspace of IL3.

» Show that the restriction of ( , ); to W x W is a (positive
definite) inner product of W.
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