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Manifolds CM

A ¢mooth)manifold M is
* > a topological space  (wath wpvhav‘\ﬂﬁ ?MPW'B )
» a family of local coordinate systems (charts)

» smooth coordinate change

Example (The n-dimensional affine space) +Ned 1 N:{:M

Q {(z T 2l eR,j=1,2,...,n}

v Comptihel;
@3@ e M‘]
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> R”” — R": smooth c,

> (M)=_F_'(0) —{pER”+T,F(p)=0}7é@

> rankw 1(n-\" ll‘
= M is an n- i Submanifold of R™t7 Ml’l 5
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Example: spheres

> n=>1 F‘.Q‘\d-——hp

> k>0 «n 1
> F(:B) - F(xo ..... :L‘n) = (Z] n(xj)2> - E =
1 J=o dok
<l‘,$> — % Qh‘

[57(k) = F'((0}) c R+ @ Splown

= 9y i 04"(:-\(0)
nk b=l & X0 (D) - -L
X0
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@ an algebra consists of smooth functions on M.
S

F(R™) is the set of smooth functions of n-variables.
» For an n-dimensional submanifold M € RY, an element of

F(M) is a function f: M — R such that f o ¢ is of class C™
for any smooth function ¢: R™ — M. © <

CTNee 35 m e
(5*3 ’
58

Advanced Topics in Geometry E1 Riemannian manifolds



Tangent spaces

I}, M) the tangent space of a manifold M at p € M.
» the set of “velocity vectors” of curves on M passing through
.
> the set of “directional derivatives” at p.

Example V & R"\
TQ;R" " -y

)
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The tangent space o%the sphere

o
G Ry o curve Ytﬂ o Sw TS )

wil. {(0) = O Sh(k')

> MmLm

Q“ﬂi ¥, V> - %
Gw, 1l =0
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Tangent bundles ‘FV\ ﬁﬂ: T3 “" iy

@ UpemTy M w: TM — M: the projection
» “vector bundle of rank n := dim M " over M.

» a 2n-dimensional manifold.

Example

TR" =R" xR" = R2", "

T -

Y M
\
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Example

nel
TS"(k) =%: {(z,v) € S"(k)x]R{(v, x) = 0} £ R xR+

IN\q o) ¢
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Vector fields

A [Vector fie d) of a manlfold

a smooth ma M —> T M such tha

moX
-i_-_ the set of vector fields on M Q €
» X(M) is a vector space. X(?) T?M

> X(M)is an F(M)-module poﬁ

™
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Riemannian manifolds = WW un'\'b\p\lwwt
Definition \)_.'T/ZT‘E

A Riemannian metri¢’g pn an n-manifold M is a correspondence

p — gp of p to an inner product 9p of T, M, which satisfies the
smoothness condition, that is, 6- FQH
ASNAN AN

v g(X,Y) M@@)ﬂ

is a smooth function for each pair of sooth vector fields Gﬁ/)
Lameee———

Example
v E" .= @( , )) is a Riemannian manifold, called the Euclidean

n-space. v — " 1))
- TC.MMOA A M‘j o R= Tk
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Riemannian submanifold
—

M C R™": a submanifold.
> T,M C T,R™".
» The restriction of (, ) to T,M x T,,M is an inner product.

= (, ) induces a Riemannian metric on M, called the induced
metric.

|
Example — E

S (EYAR™ ! 4s a Riemannian manifold with the induced metric
dm R"T1 called the sphere of constant curvature k.

TS = ™!
GO lpsun b proctecl

A R omammom amgive
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Recall: the Lorentz-Minkowski vector space
Ln+1 = (Rn—l—l’( ’ >L)

n
> (z,y); = —2%" + ijyj:
j=1

(x= (222 ..., 2", y= (1, ...,y")7T).
The canonical Lorentzian “inner product”.
For k < 0, n

H"(k) :={x = (mo,...b)T; (x,x);, = 1/k,2° > 0}

> TpH™(k) = {v e L"; (z,v) 0}

The restriction of (, ); to TxH"(k) x TxH™(k) is a positive
definite inner product, which induces the Riemannian metric ( , );
to H"(k). The Riemannian manifold (H™(k),( , );) is called the
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Let D —{( v) € R%; u? +v? < 1}, and set
,

f@a U,V >—f1_u2 1+u + 02 QUQUDGIL?’

/For each (u,v) € D, @
> Show that f is a bijection from D t&JM

» Compute (f,, fui, (Fu> fv)Land (fos ka_.
» For each (u,v) € D, find an orthonormal basis
[e1(u,v), ea(u,v)] ofTa;H3( ), where x = f(u,v).

g‘».(-@w,. &v)
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Fix an (n 4 1) x (n + 1)-orthogonal matrix A and set

o: S"(k) 5@ Q) R,
where k is a positive number. Fix x € S™(k) and take a smooth
curve y(t) on S™(k) such that v(0) = x and set
v :=4(0) € TpS"(k).
» Show that ¢ induces a bijection from S™(k) into S™(k).

» Show thai P U= S| @ 5y = Av. \

> Verify that (v,v) = (p,v, P,v).

— —
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