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Exercise 2-1

Problem (Ex. 2-1)
Let D := {(u, v) ∈ R2 ; u2 + v2 < 1}, and set

f : D 3 (u, v) 7→ 1

1− u2 − v2
(
1 + u2 + v2, 2u, 2v

)
∈ L3.

For each (u, v) ∈ D,
Show that f is a bijection from D to H3(−1).
Compute 〈fu,fu〉, 〈fu,fv〉 and 〈fv,fv〉.
For each (u, v) ∈ D, find an orthonormal basis [e1(u, v), e2(u, v)] of
TxH

3(−1), where x = f(u, v).
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Exercise 2-2

Problem (Ex. 2-2)
Fix an (n+ 1)× (n+ 1)-orthogonal matrix A and set

ϕ : Sn(k) 3 x 7→ Ax ∈ Rn+1,

where k is a positive number. Fix x ∈ Sn(k) and take a smooth curve
γ(t) on Sn(k) such that γ(0) = x and set v := γ̇(0) ∈ TxS

n(k).
Show that ϕ induces a bijection from Sn(k) into Sn(k).
Show that ϕ∗v := d

dt

∣∣
t=0

ϕ ◦ γ = Av.
Verify that 〈v,v〉 = 〈ϕ∗v,ϕ∗v〉.
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Definition
Let (M, g) be a Riemannian manifold. A smooth map ϕ : M → M is an
isometry if

g(X,Y ) = g(ϕ∗X,ϕ∗Y )

holds for all tangent vectors X and Y of M .

Fact
Set of the isometries, called the isometry group, is a group with respect to
composition of maps.

Fact
The isometry group of Sn(k) contains the orthogonal group O(n+ 1).
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