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Non-degenerate bilinear form
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V. n-dimensional vector space over R.
(', ): a symmetric bilinear form

Definition
(,)is non—degeneratiﬁff

| § (z,y)=0 forally e V & x=0.

g >

Fact

A positive definite symmetric bilinear form is non-degenerate.

Q) (xe.y>=0 {w‘g > L ¥r=0

S L= 0
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Inner

An

product

inner productl(
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in an extended sense) =
a non-degenerate symmetric bilinear form
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Example

o> 1 = 0; w | >V

)= R (L)), where
— NN~

1. r = 0: the Euclidean space (positive definite)
2. r = 1: the Lorentz-Minkowski space (indefinitez\
3. r=n =dim V: negative definite L
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Restriction of the inner product ( V‘ ( ))
] (]
v ™A~

W C V: a subspae

(', ) |lwxw: the restriction of the inner product (, ). a symmetric
bilinear form on W.

Lemma C-

If (', ) is positive (negative) definite, so is its restriction
< ) > ’WXW-
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Example

3
= by .
W c R3 a linear subspace given by ? (:) = "l %0

W=zt ={v; (x,v) =0} (= (1, 17_0)T)

dimW =2

0 B2Y v > ) = <Lu> ek L..m
11,JT6W’ W= KW(;(’CF,
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: an inner product on V' (dim V' =n)

()
Q = max{dim W ; W C V : asubspace, ( , ) |wxw is positive definite]
—_— " \ .
o\(:)= max{dim W ; W C V : a subspace, (, ) lwxw is negative definite

m-l—r:n.!

(m,r): the signature of (V,(, ))

E‘“‘r 2 sz_g\m‘twe (wr)

r

Advanced Topics in Geometry E1 Pseudo Riemannian manifolds



(V,(, )): of signature (m,r); m+r =n=dimV.

» r = 0: a positive definite inner product “~

» r = 1: a Lorentzian inner product
S YTy
o Wi < 5
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"l W
Orthogonal Complement l e “:.H-\ =B W= 1=

(', ): an inner product of SignF" A =- ( P ) POQ-M
NEEED v Gf..

xecV: (x,zx) <O0.

> W :=a" is an (n — 1)-dimensigpal subspace of V
» (, )|wxw is of signature (m,r — 1).
\
tvor ~ ded sl
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Pseudo Riemannian manifolds Pc-omh Qu.m . wkve

Definition o Towd SH.

A pseudo Riemannian metric g of signature on a connected
n (= m + r)-manifold M is a correspondence p — g, of p to an
inner product g, of signature (m,r) on T}, M, which satisfies the
smoothness condition, that is,

g X, Y): M3p— gp(Xp,Yy) €R

is a smooth function for each pair of sooth vector fields (X,Y).
A connected n-manifold M endowed with a pseudo Riemannian
metric g is called a pseudo Riemannian manifold
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Example “1“"‘

M"(a) := {x ¢, (z,x) = a}.
TJh) = uwy =& M= T ()
- di=0 & 1=0
‘1 00 b0 w W) IM"M)'M

y0 SN

(<0 : end

amwaded mgomj :
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0 >0 (W, 0> = 0\ >0

Tm \M“(a) = ‘c('l' S(:L\, )\ /
C wel

u~ tn, 1)
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SENE /

(n-1, 3)

M"(a) :={x € ]]%Jrl; (x,z) =a}.

Tx 'y ()= 11.

L, ) ¢ 0'0 swsnﬂ"\ﬂ*' (\H, 1)
(M1)€ %)% Lndeie. w4
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Exercise 3-1

Problem (Ex. 3-1)

Let O(2,1) be the set of 3 x 3-matrices satisfy[ng |

i f"*‘”“"")fv

r U U
Slo

(® Show that | det A| A for A € 0(2,1).
(5 Show that CL00| > for A= (aij).

@ Show that the liner transformation induced
preserves the inner product { , ) of E}.

itself, where k < 0.
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Exercise 3-2

Problem (Ex. 3-2)
Let D := {(u,v) € R?; u? +v2 < 1}, and set

1

f:DB(u,U)i—)m(

1—|—u2—|—v2,2u,2v) el3 :IE:{’,

and take an orthonormal basis [e1(u,v), ea(u,v)] of Ty H3(—1),

where x = f(u,v). Bd
» Verify that, for each (u,v) € D, [eg, e1, €3] is a basis of R3,
where ey = L—~"

» Express the der/vat/ves< D) an (] =0,1,2) as linear
€9l. d

combinations of [e, eq,
B7)e- [ &<
17}
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