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» M : an n-dimensional manifold.

» T,M: the tangent space of@at

2

» F(M): the algebra of C°°-functions on M.
> X(M): F(M)-module of C*-vector fields on M.

A tangent vector of M at p is an R-

satisfying the “Leibniz rule”

(Xp) (fg) = f(p)Xp(g

linear maph) ]-"
)+ @)X (). MWAM

XE%(M),fEF(M)i@ (M)
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Wl N> Spld) &m},\

X ZXJ@ 7 = ZYJ— = Xf= ZXZW
of
ZY<Z laﬂ)

f  ox' o
l
_ZY (Xa 70 " 0nd &El)

\@éﬁ.)?% = %z Q )X

2023/05/16

3/ 14



X = EXH- =>xg S VI ez

"b‘l‘ S !

-2 \(0 - §b—a Y (] ) e

iy (i
' b\oK.
- 2l



Lie bracket 0
st \1‘3&_@\
S Dy Jl
)=

X, Y € X(M). QE(XD*

X = ZX]W v = ZYJ X(77) - Y(x1)" (

jl=1
Definition /‘ [ X-, ‘( 3
The[Cie brackeg/of X and V" is defined as

(X, Y]f = XY ) =Y(Xf) (feF(M)).
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Lie bracket (M) * % (W) —wodusx

Lemma
For X, Y, Z € X(M) and f € F(M), it hold that
> [X,Y]=-[Y,X],

> [fX Y] =X Y] = (Y NHX, X fY] = fIX, Y]+ (XY,

> (X, Y], 2] + [[Y, Z), X] + [[Z, X], Y]. Jac_ohu MU’
Y .
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The Lie bracket as an integrability condition

Fact ll o

» [X1,...,X,]: an n-tuple of vector fields on U C M
» {X1,...,X,} are linearly independent on each point p.

Ja Ioca/ coadinate system ..,x™) around p with
X 39(.& @l"(j =1L
if and only if|| Xk | =0fforall j,k =1,.

R sluujo-l casu 8 Hu\om/a'ﬂm
(?N\m.ol " QQ)
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X € X(R") can be considered X = (X! ..., X")T: R* - R™.

e gl Lot g

or v e TpRn, J jn -\)m

DpX := (Xm(v),...,dici(}) .
U oo T

The\canonical connection pf R" is

D: X(R") x X(R") 3 (X,Y) - DxY € X(M).

DxY — Dy X =
=
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X € X(R") can be considered X = (X! ..., X")T: R"* - R™.
SEME

@ the position vector field on R"™ =
DXzII =X

L))
for X € X(R"). R

D, ¥ -=3%\C(9+tx)
5~=0

K

x="L
0
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Tangent space of a submanifold of EY

M C an n-dimensional submanifgld of the Euclidean space.
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M C E™": an n-dimensional submanifold of the Euclidean space
with induced metric.

e—

V V:X(M)xX(M)> (X,)Y)—=|VxY :=[Dx c X(M)

wdued temedim a (M, <,>)
oot dun v
9

)
V U o Whrmae Wl
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M C E™": an n-dimensional submanifold of the Euclidean space
with induced metric.

V: the induced connection. 9
v(t): a curve on M. - STHI;«'O\R -QM

7 is a geodesic & V47 = 0. 1'&)
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Example: the unit sphere n L
S)y="17
S*(1) := {x € B (z, ) =

Ertl — T]E+—T$ @.‘ Y

Y+ oo D10 i

G §= [H - <je>o

— e

° reS“them 0 W=l
sk hﬂ“(wc’f»)m*(gds)wesm

1w = —T® Wpﬁo )







Set

H?(—1) = {z = (2%, 2',2%)T € E3; (z,2) = —1,20 > 0}.

Let D := {(u,v) € R?; u? +v? < 1}, and set

1
1 —u2 —0?

and take an orthonormal frame [eo(u,v), e1(u,v), ea(u, v)].

» Compute the Lie brackjt [ﬁl, ey as a Lmeig:ow)at/$5f e,

e1 and es.

f:D > (u,v)— (14 u? +v%,2u,20) € H*(-1)

» Compute De,ej fori, j =1,2.
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Exercise 4-2 Q% lasts H’f,~| )

Set
(1) = {z = (&, 2}, 2%)T (&, ) = 1,20 > 0}.
Problem (Ex. 4-2)

» For each x € H2 , show that

4T H( 1]@R:c/ (%)

> Le@e H%*(-1) and take a unit vector
v € TgH?(—1) = x*. Then show that

-
W&'\.&/\) v(t) := (cosht)x + (sinht) v e H ( Q
is a curve on H?(—1) satlsfy/ where [+]"
denotes the

T, H?(—1)-components of the decomposition ( ) with
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