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Review
M : an n-dimensional manifold.
TpM : the tangent space of M at p.
F(M): the algebra of C∞-functions on M .
X(M): F(M)-module of C∞-vector fields on M .

Definition

A tangent vector of M at p is an R-linear map Xp : F(M) → R satisfying
the “Leibniz rule”

(Xp)(fg) = f(p)Xp(g) + g(p)Xp(f).

X ∈ X(M), f ∈ F(M) ⇒ Xf ∈ X(M).

Advanced Topics in Geometry E1 Riemannian connection for submanifolds 2023/05/16 2 / 14



Lie bracket

X =

n∑
j=1

Xj ∂

∂xj
, Y =

n∑
j=1

Y j ∂

∂xj
⇒ Xf =

n∑
l=1

X l ∂f

∂xl
,

Y (Xf) =

n∑
j=1

Y j ∂

∂xj

(
n∑

l=1

X l ∂f

∂xl

)

=

n∑
j,l=1

Y j

(
X l ∂2f

∂xj∂xl
+

∂X l

∂xj
∂f

∂xl

)
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Lie bracket
X, Y ∈ X(M).

X =
n∑

j=1

Xj ∂

∂xj
, Y =

n∑
j=1

Y j ∂

∂xj
⇒ X(Y f)− Y (Xf) =

n∑
j,l=1

(
Xj ∂Y

l

∂xj
− Y j ∂X

l

∂xj

)
∂f

∂xl
.

Definition
The Lie bracket of X and Y is defined as

[X,Y ]f := X(Y f)− Y (Xf) (f ∈ F(M)).
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Lie bracket

Lemma
For X, Y , Z ∈ X(M) and f ∈ F(M), it hold that

[X,Y ] = −[Y,X],
[fX, Y ] = f [X,Y ]− (Y f)X, [X, fY ] = f [X,Y ] + (Xf)Y ,
[[X,Y ], Z] + [[Y, Z], X] + [[Z,X], Y ].
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The Lie bracket as an integrability condition

Fact
[X1, . . . , Xn]: an n-tuple of vector fields on U ⊂ M

{X1, . . . , Xn} are linearly independent on each point p.
⇒

∃a local coordinate system (x1, . . . , xn) around p with

Xj =
∂

/
∂xj (j = 1, . . . , n)

if and only if [Xj , Xk] = 0 for all j, k = 1, . . . , n.
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The canonical connection on Rn

X ∈ X(Rn) can be considered X = (X1, . . . , Xn)T : Rn → Rn.

Definition
For v ∈ TpRn,

DvX := (dX1(v), . . . , dXn(v)T .

Definition
The canonical connection of Rn is

D : X(Rn)× X(Rn) 3 (X,Y ) : → DXY ∈ X(M).

Lemma

DXY −DY X = [X,Y ]
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Position vector field
X ∈ X(Rn) can be considered X = (X1, . . . , Xn)T : Rn → Rn.

Example
x: the position vector field on Rn ⇒

DXx = X

for X ∈ X(Rn).
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Tangent space of a submanifold of EN

M ⊂ En+r: an n-dimensional submanifold of the Euclidean space.

TxEn+r = En+r = TxM ⊕Nx Nx = (TxM)⊥

v = [v]T + [v]N v ∈ TxEn+r
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Induced connection
M ⊂ En+r: an n-dimensional submanifold of the Euclidean space with
induced metric.

Definition

∇ : X(M)× X(M) 3 (X,Y ) 7→ ∇XY := [DXY ]T ∈ X(M)
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Geodesic
M ⊂ En+r: an n-dimensional submanifold of the Euclidean space with
induced metric.
∇: the induced connection.
γ(t): a curve on M .

Definition
γ is a geodesic ⇔ ∇γ̇ γ̇ = 0.
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Example: the unit sphere
Sn(1) := {x ∈ En+1 ; 〈x,x〉 = 1}

En+1 = TxEn+1 = TxS
n(1)⊕ Rx.
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Exercise 4-1
Set

H2(−1) = {x = (x0, x1, x2)T ∈ E3
1 ; 〈x,x〉 = −1, x0 > 0}.

Problem (Ex. 4-1)
Let D := {(u, v) ∈ R2 ; u2 + v2 < 1}, and set

f : D 3 (u, v) 7→ 1

1− u2 − v2
(
1 + u2 + v2, 2u, 2v

)
∈ H3(−1)

and take an orthonormal frame [e0(u, v), e1(u, v), e2(u, v)].
Compute the Lie bracket [e1, e2] as a liner combination of e0, e1 and
e2.
Compute Deiej for i, j = 1, 2.
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Exercise 4-2
Set

H2(−1) = {x = (x0, x1, x2)T ∈ E3
1 ; 〈x,x〉 = −1, x0 > 0}.

Problem (Ex. 4-2)
For each x ∈ H2(−1), show that

E3
1 = TxH

2(−1)⊕ Rx. (∗)

Let x ∈ H2(−1) and take a unit vector v ∈ TxH
2(−1) = x⊥. Then

show that
γ(t) := (cosh t)x+ (sinh t)v

is a curve on H2(−1) satisfying [γ̈(t)]T = 0, where [∗]T denotes the
Tγ(t)H

2(−1)-components of the decomposition (∗) with x = γ(t).
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