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Review

@ M: an n-dimensional manifold.

e T,M: the tangent space of M at p.

e F(M): the algebra of C'*°-functions on M.

e X(M): F(M)-module of C*°-vector fields on M.

Definition

A tangent vector of M at p is an R-linear map X,,: F(M) — R satisfying
the “Leibniz rule”

(Xp)(fg9) = fF(P)Xp(9) + 9(p) Xp(f)-
XeX(M), feF(M)= XfeX(M).
Definition
The Lie bracket of X and Y is defined as

(X, Y]f == X(Y[)-Y(Xf) (f€F(M)).
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Exercises 4

H*(—1) = {x = (2% 2", 2T € E}; (z,2) = —1,2° > 0}.
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Exercise 4-1

Problem (Ex. 4-1)

Let D := {(u,v) € R?; u? +v2 < 1}, and set

1 2,2 2
f :D> (U,’U) — m(l—i—lb + v ,2U,2’U) eH (—1)
and take an orthonormal frame [eg(u,v), e1(u,v), ea(u,v)].
e Compute the Lie bracket [eq, es].
o Compute De,e; fori, j =1,2.
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Exercise 4-1

f(u,v) = m (]_ -I— u2 + ’U2,2u, 2U)
2
fu= T Gul+ut =0 2w)
2
fo= 1w 2 (21},2uv,1 —u? +v2)
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Exercise 4-1

— _ 2,2

eo = f =7z L+ + 07,20, 20)
1—u?—2? 1

e = 5 fuzl — 2 (2u,1+u2—v2,2uv)

1—u?—? 1
ey = 5 fvzl — (2v,2uv, 1 —u? +1)2)
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Exercise 4-2

Problem (Ex. 4-2)
e For each x € H?*(—1), show that

E} = Tx H?*(~1) © Ra. (*)

o Let x € H?(—1) and take a unit vector v € Txy H*(—1) = . Then
show that
v(t) := (cosht)ax + (sinh t)v

is a curve on H2(—1) satisfying [%(t)]" = 0, where [T denotes the
T,y H?(—1)-component of the decomposition (x) with « = ~(t).
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