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Lemma 5.1
204_X2Y_hez = X (Y, 2)+Y (Z,X)~Z (X,Y)~(Y, [X, ZI)+(X, [, Y])~ (Z, [2K))
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Riemannian (Levi-Civita) connection

Definition
The map V in Lemma 5.1 is called the Riemannian connection or
the Levi-Civita connection.
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Riemannian (Levi-Civita) connection
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Covariant Derivative

U?L == Qv:)
Corollary

Assume ®®€ X(M) satisfyt a pointp € M. Then
i

VXZ@ VyZ@ .
holds for each Z € X(M). =3,X‘ Q 5 \{ = I Yi@g
Definition “1 ? V‘K 'Z- = i \ Q.z)‘;" IY%YQ%};

For x € T, M be a tangent vector at p € M and a vector fi%
————

Y € X(M), P 5
VY Y= (VxY), € T,M | ”®

is called the covariggt derivative of Y with respegkto the di@ion
x, where X € X(M) is a vector field satlsfymgé}
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Let M C E" be a submanifold of the pseudo Euclidean space
E™*". If the restriction of the inner product ( , ) of E}T" on T,M
is non-degenerate, the direct sum decomposition

E?H = TpM ® (TpM)la

that is, for each vector v € E"'" = T,E"", there exists a unique
decomposition

v=[ "+, [TeT,M, [N (@M)"
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Let M C E'" be a submanifold such that the restriction of the

inner product { , ) to TM is non-degenerate. We set for X,
Y € X(M) by

VxY := [DxY]".

Then V is the Levi-Civita connection of M with respect to the
induced metric { , ) |7ar.
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Set
H?(—1) = {z = (2%, 2,2)T € E}; (z,z) = —1,2° > 0},

and take a parametrization

1

m(l + U2 + ’U2, 2u, 2’03 S H2(—1)

f:D> (u,v) —~

of H%(—1), where D := {(u,v) € R?; u? +v? < 1}.
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Let [eo(u,v),ei(u,v), ez(u,v)| be an orthonormal frame as

) _ Ju _fu
ey = f, e = ey =

For the induced connection V of H?(—1),
» Compute (Ve,ej,ey) fori, j and k run over {1,2}.
» Compute Ve, Ve,ea — Ve Ve €s—Vie p€3.
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Let D := (0,00) x (—,7),

f:D > (r,t) — (coshr,sinhrcost,sinhrsint) € H>(—1)

and set

- - 1 ~
Vo = V1 = Vo = .
o=1, 1=f 2= _—Fi

> Find a parameter change ¢: (r,t) — (u,v) = (u(r,t),v(r,t)).

» Find a 2 x 2-matrix valued function © = ©(r,t) satisfying
(61, 62) = (’Ul, ’02)@.
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