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Exercise 5
Set

H2(−1) = {x = (x0, x1, x2)T ∈ E3
1 ; 〈x,x〉 = −1, x0 > 0},

and take a parametrization

f : D 3 (u, v) 7→ 1

1− u2 − v2
(
1 + u2 + v2, 2u, 2v

)
∈ H2(−1)

of H2(−1), where D := {(u, v) ∈ R2 ; u2 + v2 < 1}.
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Exercise 5-1

Problem (Ex. 5-1)
Let [e0(u, v), e1(u, v), e2(u, v)] be an orthonormal frame as

e0 := f , e1 :=
fu
|fu|

, e2 :=
fv
|fv|

.

For the induced connection ∇ of H2(−1),
Compute 〈∇eiej , ek〉 for i, j and k run over {1, 2}.
Compute ∇e1∇e2e2 −∇e2∇e1e2 −∇[e1,e2]e2.
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Exercise 5-1
λ : = 1− u2 − v2;

f = λ−1
(
1 + u2 + v2, 2u, 2v

)
fu = λ−2(4u, 2(1 + u2 − v2), 4uv),

fv = λ−2(4v, 4uv, 2(1− u2 + v2), 4uv),

e1 = λ−1(2u, 1 + u2 − v2, 2uv),

e2 = λ−1(2v, 4uv, 1− u2 + v2, 2uv).

⇒

De1e1 = e0 − ve2, De1e2 = ve1

De2e1 = ue2 De2e2 = e0 − ue1.
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Exercise 5-1
λ : = 1− u2 − v2;

∇e1e1 = −ve2, ∇e1e2 = ve1

∇e2e1 = ue2 ∇e2e2 = −ue1.

∇e1∇e2e2 −∇e2∇e1e2 −∇[e1,e2]e2 =
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Exercise 5-2

Problem (Ex. 5-2)
Let D̃ := (0,∞)× (−π, π),

f̃ : D̃ 3 (r, t) 7→ (cosh r, sinh r cos t, sinh r sin t) ∈ H2(−1)

and set
v0 = f̃ , v1 = f̃ r, v2 =

1

sinh r
f̃ t.

Find a parameter change ϕ : (r, t) 7→ (u, v) =
(
u(r, t), v(r, t)

)
.

Find a 2× 2-matrix valued function Θ = Θ(r, t) satisfying
(e1, e2) = (v1,v2)Θ.
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Exercise 5-2

v1 = (sinh r, cosh r cos t, cosh r sin t), v2 = (0,− sin t, cos t)
e1 = λ−1(2u, 1 + u2 − v2, 2uv) = (cos t)a+ (0, 1, 0),

e2 = λ−1(2u, 1 + u2 − v2, 2uv) = (sin t)a+ (0, 0, 1)

a =
(

sinh r, 2 sinh2 r

2
cos t, 2 sinh2 r

2
sin t

)
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