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Info. Sheet 6; Advanced Topics in Geometry E1
(MTH.B505)

Informations

o Next week (June 06) is the final class of MTH.B505.

e Please fill the form “Course Survay” in T2SCHOLA.

Corrections

Lecture Note, page 17, line 2: We let F(M) and X(M) the set of ... = We let F(M)
and X(M) be the set of ...

Lecture Note, page 17, equation (5.1): (Z,[X,Y]) = (Z,[Y, X])

Lecture Note, page 18, line 2 of Example 5.6: (r,n) = (n,r)

Lecture Note, page 18, line 3 of Lemma 5.7: (x,v) = Ofor all = (x,v) =0 for all
Lecture Note, page 18, line —17: dimE*+" = dim E?*"

Lecture Note, page 18, line 2 of Theorem 5.9: We set for X, Y = We set VxY for
X, Y

Lecture Note, page 18, line —3: yields = yield
Lecture Note, page 19, line 2 of Problem 5-1: fu = f,, fo = f,.

Students’ comments

5-1 TVxY =[DxY|T 2o T ZETHALARHETE2DIZRVEL BT,

Lecturer’s comment S ZHEE LB S LEHENRLLTVWI LI LIELIED
h %34,

ATA RDORYZARETHIUID LMK LTOVRZEZNTT. u, v, 0 H72h OXFHOR
NTHECICRZSZEDBHD £T.

Lecturer’s comment | fi#.

Q and A
Q1: M CEM" DEFICAZESDS B, Levi-Civita BN CHARBERIIDHZ2DTL L 557

Connections on submanifold of a (pseudo) Euclidean space different from the Levi-
Civita.

A: For a submanifold M C E™*", consider a (not necessarily orthogonal) direct sum de-

Q 2:

composition E"T" = T,M & Np. Then VxVY := [DXY]T is a linear connection on
M, with respect to the decomposition. For example, classical affine hypersurface the-
ory, in Blaschke’s manner, the special transversal vector field £ along a hypersurface
M C E™*! and induced connection V is considered. In the context of (classical)
information geometry, important geometric structure is a family of connections, e-
connection, m-connection and a-connections for « € (—1,1).

Lie bracket #® 2D~ hUIGIZ X 2%, Riemannian connection d » 3DH R k
NMIEBMA L NS ZLT2DORORBDHEHZ2LWVIDIEb2DTTD, VxY —Vy X =
(X, Y] IRWOFETHRLLZI AN TEFEA. RIHAPALT TR BRI ZVDHID 7210
T7.

Interpretation of VxY — Vy X = [X,Y]
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A: For a linear connection V, T(X,Y): = VxY — Vy X — [X,Y] is a tensor field, called
the torsion tensor. In fact, T(fX,Y) = T(X, fY) = fT(X,Y) holds, which implies
tensority of 7. One of the condition to be the Riemannian connection asserts that
T vanishes identically, in other words, torsion free. The connection obtained by a
way as in the previous answer is automatically torsion free. So vanishing torsion is a
necessary condition that the manifold can be realized as a submanifold, so called an
inexorability condition. Moreover, the Ricci tensor induced from V is symmetric
2-tensor if V is torsion free. Connections with non-vanishing torsion recently is treated,
for example, a context of quantum information geometry.



