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Let 7 [a,b] — M be a piecewize C'l-curve, where [a, b] is a closed
interval on R. The integral

c@f hla

is called the length of ~.
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Distance

+« Lemma

For points p, g € M, set

d(p, q) == inf{L(7); 7 € Cpq}: M x M — ‘.é\ ¢

v is a piecewlze C*-curve
Cpq =97 la,b] > M;
with y(a) = =

is unction on M, that is, it satisfied the axiom wh\.vl

» d(p,q) =0 for any p, g € M. 'lTﬁe equality holds iffFp = q
> d(p,q) = d(¢;p). 4=

of distance (Eompatible to the topology of M}. "6& d.bm
d: the Riemannianmwith respect to g.
Se—"

Advanced Topics in Geometry E1 Hopf-Rinow's theorem



(ﬁm¢> o

) C'- patt
\/'% o

P
£ EHN — U{)GR boudad,

3 ue“)— d(py)
C 10, %)



‘Ru.m di<towar 0!) ?19
o e Jomgfl, o th shoctact parl

M = E"\?O'( / g =01
/C




The shortest geodesic

Proposition A“WLQ Q‘Q-N‘b.d- P&L

Forp, ¢ € M, a curve y € Cyq satisfying d(p,q) = L(7) is a
pregeodesic. e Q\,M e,,ﬂ\ -p qudﬂ,‘ﬁc
Definition

The geodesic v € C, 4 satisfying L£(y) = d(p, q) is called the
minimizing geodesic or the shortest geodesic joining p and g.
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Yp,w: the geodesic with v, +(0) :@and Ypw(0) =)

> pw(t) is said to be compglete if it is defined on R
» (M, g) is said to be complete if all geodesics are complete.

Example
The open submanifold M :=E™\ {0} of the Euclidean space E" is
not complete. In fact, let x € M and v := —x € E" =T, M.

Then the geodesic
Tzw(t) = +tv=(1—-t)x

is defined only on (—o0,1).
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Hopf-Rinow's Theorem

Theorem (Hopf-Rinow's theorem)

The following are equivalent:

@ (M, g) is complete. crqbduz,c_,

@@E M such that all geodesics emanating at p are complete.

@ (M,d) is a complete. chduj T UM ds  Umvende.
@ Any bounded subset D of M is precompact. "ﬁ', “‘?“t
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@ Any divergent path has infinite length.

1:[(1,&)—'5M= M
& Vi cmpat shed 4 M
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Example

The Euclidean space E™ is complete. In fact, vz () = & + tv is
defined on R.

e Rorlagt faﬂm P g -
e OA\m.gan@"_.




Example: the Shpere

Example

"= {x e E"; (z,x) = 1}
Then for each & € S™ and v € T, S",

Va0 (t) := (cosvt)x + (sinvt)v’ (v = (w,0)/?, o = E) )

e ST complats, boowat, K o wompall. ~
thoshortust path joaing P §,
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Example

H" :={x = (..., 2" e BTt (2, 2) = — 1,20 > 0}.
Then for each x € H™ and v € T, H",

Yew(t) = (coshvt):c—l—(sinhvt@ v=(v,0)/?, v = 9).
0] { )

P tm?(d% U
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Example

St={xze BT (@, x) = 1}.

Then for each « € ST and v € TST,

(cosvt)x + (sinvt)v’ if (v,v) >0,
Yzo(t) =< T+t if (v,v) =0,
(coshwvt)x + (sinh vt)v’ if (v,v) <0,

where v := | (v, v) [V/2, v/ = 2.
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Advanced Topics in Geometry F1 (MTH.B506) @M-143B (H119B)

June 13. 1. Linear Ordinary Differential Equations

June 20. 2. Integrability Condition

June 27. 3. Differential Forms

July 04. 4. Curvature

July 11. 5. Sectional Curvature

July 18. 6. Riemannian manifolds of constant sectional curvature

July 25. 7. Fundamental Theorem for hypersurface theory
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