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If a matrix-valued C*° function X : U — GL(n,R) satisfies ( ), it

holds that S A '
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for each (j, k) with1 < j <k < m.
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Let Q;: U — My (R) (j =1,...,m) be C*-maps defined on a
domain U C R™ which satisfy

00 0%
Tt — g = Ul — %Y.

Then for each smooth map

o: D> (t,w) — o(t,w) = (u*(t,w),...,u™(t,w)) €U

defined on a domain D C R?, it holds that

oT oW
= = .7 T =
v a3 s ~IWHWT =0,

where T := 37", ﬁjaaitj, wWe=3"", ﬁj%_%r (QJ =Qj00).
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Let X: U — M, (R) be a C*°-map satisfying ( ). Then for each
smooth path ~v: I — U defined on an interval I C R,
X := X o~ : I — M,(R) satisfies the ordinary differential equation

dX Y = du?
7O =XO%E) |90 = ; Q0 () =1

on I, where y(t) = (u!(t),...,u™(t)).
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Let Q;: U — Mu(R) (j =1,...,m) be C*°-functions defined on a
simply connected domain U C R™ satisfying (2). Then for each
Po € U and Xy € M, (R), there exists the unique n x n-matrix

valued function X : U — M, (R) satisfying (1)
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If a differential 1-form
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Application: Conjugation of harmonic functions

¥49

Let U C(C): R? be a simply connected domain and &(u,v) a
C'*°-function harmonic on U. Then there exists a C'>° harmonic
function@)n U such that £(u,v) + in(u,v) is holgmerphic on U.
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Example
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Let &(u,v) :=log Vu? + v? be a function defined on
U := R2 \ {(0 0)}.

1. Show that £ is harmonic on U.

2. Find the conjugate harmonic function n of £ on

V =R\ {@0)|ug0}CU. s'-«(\ll‘ CoM-

3. Show that there exists no conjugate harmonic function of £

defined on U .
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Consider a linear system of partial differential equations for
2 x 2-matrix valued unknown X on a domain U C R? as

8_X:XQ, a_X:XA, Q\r"’ )\u_'= -Q—A_ A-Q

ou ov
0 —a —hi\ 0 -8 —h;
Q=|a 0 K], A=|8 0 -h3 ,
Rt B2 0 Ry B3 0

where (u,v) are the canonical coordinate system of R?, and a, f3
and b (i,j = 1,2) are smooth functions defined on U. Write
down the integrability conditions in terms of «, 8 and h;
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