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Problem 2-1

Problem
Let ⇠(u, v) := log

p
u2 + v2 be a function defined on

U := R2 \ {(0, 0)}.
1. Show that ⇠ is harmonic on U .
2. Find the conjugate harmonic function ⌘ of ⇠ on

V = R2 \ {(u, 0) |u 5 0} ⇢ U.

3. Show that there exists no conjugate harmonic function of ⇠
defined on U .

Advanced Topics in Geometry F1 2023/06/27 2 / 3







Problem 2-2

Problem
Consider a linear system of partial differential equations for
3⇥ 3-matrix valued unknown X on a domain U ⇢ R2 as

@X

@u
= X⌦,

@X

@v
= X⇤,

0

@⌦ :=

0

@
0 �↵ �h11
↵ 0 �h21
h11 h21 0

1

A , ⇤ :=

0

@
0 �� �h12
� 0 �h22
h12 h22 0

1

A

1

A ,

where (u, v) are the canonical coordinate system of R2, and ↵, �
and hij (i, j = 1, 2) are smooth functions defined on U . Write
down the integrability conditions in terms of ↵, � and hij .
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