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Notation

I M : an n-dimensional manifold.
I g: a Riemannian metric on M .
I TM : the tangent bundle of M .
I T

⇤
M : the cotangent bundle of M .

I F(M): the set of C1-functions.
I X(M): the set of C1 vector fields.
I (x1, . . . , xn): a local coordinate system around p 2 M .
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Lie Brackets (Review)

[X,Y ]f = X(Y f)� Y (Xf)

Lemma
[fX, Y ] = f [X,Y ]� (Y f)X, [X, fY ] = f [X,Y ] + (Xf)Y .
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Tensors

I T
⇤
M

I ^1(M) := �(T ⇤
M)

Lemma
A linear map ! : X(M) ! F(M) is a 1-form if and only if

!(fX) = f!(X) (f 2 F(M), X 2 X(M))

holds.
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Tensors

I T
⇤
M ⌦ T

⇤
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Tensors

I T
⇤
M ⌦ T

⇤
M ⌦ T

⇤
M :=
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Exterior products.

I ↵, �, � 2 ^1(M)

I ! 2 ^2(M)

(↵ ^ �)(X,Y ) := ↵(X)�(Y )� ↵(Y )�(X).

(↵ ^ !)(X,Y, Z) = (! ^ ↵)(X,Y, Z)

:= ↵(X,Y )!(Z) + ↵(Y, Z)!(X) + ↵(Z,X)!(Y ).

Lemma
↵ ^ (� ^ �) = (↵ ^ �) ^ �
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Exterior derivative.

I f 2 ^0(M) = F(M), ↵, � 2 ^1(M), ! 2 ^2(M).

df : X(M) 3 X 7! df(X) = Xf 2 F(M),

d↵ : X(M)⇥ X(M) 3 (X,Y ) 7!
X↵(Y )� Y ↵(X)� ↵([X,Y ]) 2 F(M)

d� : X(M)⇥ X(M)⇥ X(M) 3 (X,Y, Z) 7!
X�(Y, Z) + Y �(Z,X) + Z�(X,Y )

� �([X,Y ], Z)� �([Y, Z], X)� �([Z,X], Y ) 2 F(M)

Lemma
dd↵ = 0, d(↵ ^ �) = d↵ ^ � � ↵ ^ d�,
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Riemannian connection

Lemma
91r : X(M)⇥ X(M) 3 (X,Y ) 7! rXY 2 X(M) with

rXY �rY X = [X,Y ], X hY, Zi = hrXY, Zi+ hX,rXZi

for X,Y, Z 2 X(M).)

I r: the Riemannian connection, the Levi-Civita connection

Lemma
rfXY = frXY , rX(fY ) = (Xf)Y + frXY .
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Orthonormal frame

I U ⇢ M : a domain
I {e1, . . . , en}: an orthonormal frame.

!j(X) := he1, Xi (the dual frame)
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Gauge transformations

I (e1, . . . , en) and (v1, . . . ,vn): two orthonormal frames on U .
I ⇥ : U ! O(n): the Gauge transformation:

[e1, . . . , en] = [v1, . . . ,vn]⇥.

I (!1
, . . . ,!

n), (�1, . . . ,�n): the duals.0
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Connection Forms

I (M, g): a Riemannian manifold, r: the Levi-Civita
connection.

I (e1, . . . , en): an orthornomal frame on U ⇢ M .
I (!1

, . . . ,!
n): its dual.

⌦ =

0

BBB@

!
1
1 !

1
2 . . . !

1
n

!
2
1 !

2
2 . . . !

2
n... ... . . . ...

!
n
1 !

n
2 . . . !

n
n

1

CCCA
, !

k
j := hrej , eki 2 ^1(U).

Advanced Topics in Geometry F1 Differential Forms 2023/06/27 12 / 15



Connection Forms

!
k
j := hrej , eki 2 ^1(U).

Lemma
I !

k
j = �!

j
k.
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i =
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Exercise 3-1

Problem
Let {ej} and {vj} be two orthonormal frames on a domain U of a
Riemannian n-manifold M , which are related as

[e1, . . . , en] = [v1, . . . ,vn]⇥.

Show that the connection forms ⌦ of {ej} and ⇤ of {vj} satisfy
⌦ = ⇥�1⇤⇥+⇥�1

d⇥.
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Exercise 3-2

Problem
Let R3

1 be the 3-dimensional Lorentz-Minkowski space and let
H

2(�1) the hyperbolic 2-space (i.e. the hyperbolic plane) of
constant curvature �1.

1. Verify that gives a local coordinate system on
U := H

2(�1) \ {(1, 0, 0)}, and

e1 := (sinhu, cos v coshu, sin v coshu),

e2 := (0,� sin v, cos v)

forms a orthonormal frame on U .
2. Compute the connection form(s) with respect to the

orthonormal frame {e1, e2}.
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