Kotaro Yamada
kotaro@math.titech.ac. jp
http://www.math.titech.ac. jp/~kotaro/class/2023/geom-f1/

Tokyo Institute of Technology

2023/06/27



Notation (Aivaow)

M: an n-dimensional manifold, U"r?M id“‘T{}N.—’RS

g: a Riemannian metric on M, / tEN

TM: the tangent bundle of M.

T*M: the cotangent bundle of M. = U l
F(M): the set of C*>°-functions.

X(M): the set of C™ vector fields. - g (N) ,mmh f X

L ...,2"): alocal coordinate system around p € M.
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Lie Brackets (Review) *[x.11= XY "‘-'3('
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» T*M
j¢ =M= TM -

> AY M) :=T(T*M)
A !gear map w: X(M) — F(M) is a 1-form if and only if

Mvensd

W(fX) = fw(X)  (f € F(M), X € X(M))
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> T"M @T*M := UpeM‘ ,
> ("M@ T M) g ]
? € > AX(M) S"M’-s’ymm U?WV\G;E L~ Temsovs,
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> T"MOT*MOT*M :=Upepy Ty M Ty M Ty M

> T(T*M ®T*M ® Ty M)
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> q B, yven (M) .
> we A2(M)

da s% = ~ RO
(aAB)(X,Y) = a(X)BY) - aY)B(X). d "F € A"(M)

w)(X,Y,Z) = (WA«

a/\(,@/\’)’)Z(OA/\ﬁ)/\L = dAeAK
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> e AU(M)=F(M), apc A (M), [g € A2(M).

dfX(M)> X = df(X)=XfeF(M), W€ I\‘(M) ’
da: X(M) x (M)B( V)= n
Xa(Y) - (X)—a([X Y)) € F(M ) ALY
XB(Y, )+Y5(Z X)+Zﬂ(X Y)

- B(X,Y], 2) - B(IY, 2], X) — B([2, X, Y) € F(M)

g

dda =0, dlaAp) =da A —aANdp,
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Lenma
IV X(M) x X(M) 5 (X,Y) = VxY € (M) with

YXY_YY*Xz[va]? *X.<¥7.Z>:<V‘XY7Z>+<X7VKZ>

for X, Y, Z € X(M). )J‘MM fra avatlllory ! 3
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» V: the Riemannian connection, the Levi-Civita connection

Lemma Voo Do comedtion
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» U C M: a domain QJG u
> {ey,...,ey}: an orthonormm Y] Q. ®k>" R
@\_) <6Q X) (the dual frame) q
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> (eq,...,e ) and (vl, v, ): two orthonormal frages on U.
> @ U — O(n): the Gauge transformation: Tv ¥

- D o
> (w!, :3 the duals.
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» (M,g): a Riemannian manifold, V: the Levi-Civita
connection.

» (e1,...,ey): an orthornomal frame on U C M.

> (wl, ..., w"): its dual. = ‘th_mmwm“FmM(S)
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Let {e;} and {v;} be two orthonormal frames on a domain U of a
Riemannian n-manifold M, which are related as

[e1,...,e,] = [vl,...,'vn
diw that the connection formd Q)of {2} anc@of {&} satisfy
Q

o (¥ +o-'de.
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Exercise 3-2

Problem

Le@be the 3-dimensional Lorentz-Minkowski space and let
H?(—1) the hyperbolic 2-space (i.e. the hyperbolic plane) of
constant curvature —1.

1. Verify that gives a local coordinate system on

U A H2 (I {(1,0.0)}, and

e := (sinhu, cos v cosh u, sin v cosh u),

ey := (0, —sinwv, cosv)

forms a orthonormal frame on U.

2. Compute the connection form(s) with respect to the

orthonormal frame {e1,es}. * 9 dM.‘ O dv“
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