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,...,€ep): an orthonormal frame on U C M.
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w',...,w"): the dual frame of (e;):

w = <ej’ *)

» V: the Levi-Civita connection on (M, g)
> Q:= (w)): the connection form:

Viei,...,en) =[e1,...,ey|Q
(€3]
> wi = (Yej, ex)

K = (nz) = dQ + Q A €2 the curvature form
> F-’,z = dwg -I-Zwlj /\wé. i"'fﬂ"'\
l
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>‘w;?:—wi,./<;§:—nj & X<Y2> ‘&X‘l}ﬁ (1 'l%
Wt = : W AWl
> d l; e « %W\ <Tx= [&¥]
cf. ’
> X (Y,Z) = (VxY,VZ) + (Y, VxZ)
> VxY - VyX = [X,Y]
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51 ei, e+ @(el, e;) + "3!1 ej,e;) =0.

dc{cﬁq (ea € Q)

dﬁl‘wtt\ w{) = I@/‘ﬂll\ Cdf ~ l(.)o“l\ dw“, )
4 1
a -
AR ¥




K,é- (ek, el) = Fo{“(ei, ej).
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K(ﬁﬂ?) = > wl(ex €)§"g,

eT, '\TPM

§ Zﬁklek/\el n Zne/\ej

k<l

i<jk<l

K is gymmetric.
TIMATN= Spon | €51 6; ,l,<611
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B V= —> R  bdios s{wuiic
B :
R, X) = B, x) 2 X

A‘ﬂw\aouwews
> p=b

() Blx~Y, Y1) = BLG X+ B 1)
+ BUY.%) *@L" Y)
Ei_,_} Y 1B(x 0t BLEY)

]
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The sectional curvature K . SC]VMMIV\\L b‘ﬂ‘ .M
Definition B .T?MATQH

Let II, C T),M be a 2-dimensional linear subspace in T}, M. The
sectional curvature of (M, g) with respect to the plane II,, is a

‘number gy <
: ﬂ(@\&ép) =KwAw,vA\w), D‘?{" SVL‘P
?

where {v, w} igan orthonormal basis of II,,

(Smbw) T"H % ‘
ﬁogQ A m\hﬂ A cmm.éenl
Riem. mid 01- mi'?i?.ut UMW P N
& ueadvie o WCR) RN SU(R).
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R(fX,Y)Z = R(X, fY)Z = R(X,Y)(fZ) = fR(X,Y)Z

For any function f € F(M) and vettor fields X, Y, Z € X(

holds.

Y
v

Assume the vector fields X, Y, Z and X, Y, Z € X(M) satisfy
Xp=X,,Y,=Y, and Z, = Z, for a point p € M. Then

(R(X,Y)Z), = (R(X,Y)Z),.

ROGNZ =T W 2 — W%LE~ Vil



The quadrilinear map

)XY, 2,7) = (R(X,Y)2,T) - 2(M)" = F(M)

is called the curvature tensor. R N (‘T'M )‘l - P

K (X,Y) = R(X,Y, e;e;)
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K‘e (B ®) = de* (8 Ql: ~ 5 W Amu.@&
= pr (ﬂ&[,eﬂ — @mw [%)‘ w‘ﬁ.[weﬂ
<> w 9,) \nw(e() ~ 0 g e

w

o o

= R(Q\( 0 Q& ﬁ‘]‘)



> R(X7Y7 ZvT) = _R(KXa ZaT) = _R(X7Y7T> Z)'
> R(X,Y,Z,T)+R(Y,Z X,T) + R(Z X,Y,T) = 0, 4~ Qiawdry
> R(X,Y,Z,T)=R(ZT,X,Y). o

wyy, )
K. (x,x) (y,y) — (w,y)Q'\
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Consider a Riemannian metric

g=dr?+{p(r)}*do*
on U:={(r0);0<r<ry,—m<6<m},

where 1o € (0,+00| and ¢ is a positive smooth function defined on

(0,70) with ¢ '('r)
) _ _oe(r)
rl—lﬁo(’o(r) =0 rl—lglo S

Classify the function ¢ so that g is of constant sectional curvature.

S&l‘vy
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Exercise 5-2

Problem
Let ml be an embedded submanifold endowed with the

Riemannian metric induced from the canonical Euclidean metric of
R™*1. Then the position vector x(p) of p € M induces

x: M >p+— x(p) € R*

which is an (n + 1)-tuple of C*°-functions. Let\e, ..., e\ be an
orthonormal frame defined on a domain U C M. Since

T,M C R+, we can consider that e; is a smooth map from

U — R"L. Take a dual baSIS (uﬂ) to lej]. Prove that

l‘ ew

holds on U. J
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