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V: the Levi-Civita connection on (M, g)
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> f = <Vej,ek> ‘Sw e‘
> K =(k Z) = dQ + QL2 the curvature form .
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Assume there exists a real number k such that K (I1,,) = k _for all

2-dimensional subspace 11,, € T,,M for a fixed p. Then the
curvature form is expressed as
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Conversely, the curvature form is written as above, the sectional
curvature at p is consta
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K(I1,) = k for VII, ETM@K, —kw Awl.

" Cou, mei=1)

k=K@Aw,vAw)

v := cos fe; + sinfe;, w := cos we; + sin e,
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K(ejNe,ejNey) =K(e;Nej,ejNe) =K(e; Nem,ej Ney) =0,
K(e;Nej,ejNey)+ K(e; Nep,ej Ae) =0
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Assume that for each p, there exists gfreal number k(p) such that

K(IIp) = k(p), for any 11, € Grao(L,JI). Then the function

k: M > p|~ k(p) € R is constant provided that M is connected.
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K(I1,) = k(p) for VII, € Gro(T,M), Vp € M = k(p) is constant.
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An n-dimensional space form is a complete Riemannian n-manifold
of constant sectional curvature.
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The Euclidean space

Example TP\B-

The Euclidean n-space is @ply connected space form of
constant curvature 0.
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Example “"

The n-dimensional hyperbolic space H"(—c?) is a#simply
connected space form of constant curvature —.
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The Hyperbolic 3-space

Example ) 1

Theﬁ—jdimensional hyperbolic space H‘(—f) is a simply
connected space form of constant curvature £
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Let M be a simply connected n-manifold and g a Riemannian
metric on M. If the sectional curvature of (M, g) is constant k,
there exists a local isometry f: U — N™(k), where

S™(k) )
N"(k) = { R" (k = 0) -
H"(k) (k <0).
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Let U C R™ be a simply connected domain and g a Riemannian
metric on U. If the sectional curvature of (U, g) is constant k,
there exists a local isometry f: U — N"(k).

Advanced Topics in Geometry F1



A C*°-map f: M — N between Riemannian manifolds (M, g) and

(N, h) is called a local isometry if dim M = dim N and f*h g
hold, that is,

(X Y) = hdf(X), df(Y)) = (X, Y)
holds for X, Y € T,M and p € M.

A smooth map f: (M,g) — (N, h) is a local isometry if and only
if for each p € M,

(w1, vn] :=[df (e1), ..., df (en)]

is an orthonormal frame for some orthonormal frame [e;] on a
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Let U C R? be a simply connected domain and g a Riemannian
metric on U. If the sectional curvature of (M, g) is constant —1_,‘

there exists a local isometry f: U — H?(—1).
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Prove that the sphere

3
S¥={z cRY; (z,2) =1}

of radius 1 in the Euclidean§-space is of constant sectional
curvature 1. 3
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Prove Theorem 4/ fo,

=1hpndn @ assuming Exercise /.
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