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exist and continuous on U
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p=(u,v) € U.
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f: U — R: a function of class C? defined on a domain U C R?
—

=

0% f _ 0% f
0xdy  Oyox

class C"- 3% 313:1 & umBiwuows

Q & chse ¢

3{‘% $1‘1 :&g“‘lﬁ ﬁﬂ/




A function f defined on a domain U C R? is said to be

» of class CY if it is continuous on U,
N ——

» of class C! if there exists a partial derivative’ fx and fy on U,
and both of them are continuous,

————

» of class C" (r =2,3,...) if it is of class C"~! and all of the
(r — 1)-st partial differentials are of class C', and

» of class C* if it is of class C" for arbitrary non-negative
integer 7.
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f: U — R: of class C*° = 920y ~ Oy

—

We assume here that all functions are of cIassunIess otherwise
specified.
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> w = f(2): a function of complex variable.

» Taking real and imaginary parts of z and w:
z=u+v—1v, w=z++vV-1y

» Then the function f is decomposed to two real-valued

function
v r=z(u,v), Y= y(?av) . %—(}.VQ\) ~i‘lﬂ

f is differentiable in complex variable z <
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x++v/—1y = f(u+ /—1v) is differentiable < { -
- _yu .

_

AZ 1= Ty + Ty = 0, Ay—yuu+yvv—0

AY = FLuu * Ly

= L‘Iu)u * (.‘I\r)\t = q\r)u"l‘ (7‘1"‘)\’
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Commutativity in terms of differential forms
.y)

f. @, b, ¢... C®-functions on a domain U C R*.
» o = adx + bdy: differential 1-form 1 'cavw‘
» w = cdz Ady: differential 2-form P '('WM

Definition \mdqe

» For a function f,

4~

df = fo df'fZ ay et differntid

» For a 1-form o = adx + bdy o AL

o da— (b — a,::gala:/\dy-l (—da/\d:c—i—db/\dy)
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f. a, b, c,... C°-functions on a domain U C R?.
» o = adzr + bdy: differential 1-form
» w = cdx A dy: differential 2-form

» For a function f,

df == frdx + fydy.

» For a 1-form o« = adx + bdy,

da =(h}—q3d A dy (=da/\dm+db/\dy).
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» f: afunction = df = f,dx + f,dy.
» o =adzr+bdy: al-form da:= (b}— agYdr A dy

'z 0 for any function f.

¢ d(df) =d (fdx fydy)
= @tgt‘f*ﬂd“""& Y
=0




Poincaré Lemma

» «: 1-form on U. é’- —
» daa=0

» df such that df = «.

Prodt = €3 (du)e H <smple
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Let f(x,y) := €™ cosy, where a is constant. Find a function
g(x,y) satisfying

9z = _fy7 gyzfx, g(0,0) =0.

Hod = WRat vabie o R adwede
such 8
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> U =R2\7(t,0); t <0} C R?

» a=a(z,y)dr+ b(z,y)dy := = +yy2 dr + 2 —T—yQ dy.
» P=(rcosf,rsinf) eU (r>0,0<6<m)
> c1(t) :== (@1(t),y1(t)) = (cost,sint) (0
ca(s) := (w2(s),y2(s)) = (scos b, ssin ) (1
Compute the line integral ’

¢ &L
/c e /O (a(m(t), () L dt 1 Bz 1) (8) 2 dt) .

[ (atoat60 06D 22 s+ a5 ) 2 5

Advanced Topics in Geometry Al Overview



\S)\MQA‘ conned

Y
Y

QL

\(;,, P o = Qdn-e -QNM

.

GV G,

(reosd vse0) >0
7 . 0¢€(o,m)

[ o 4
C

g (O'd'x—\ *%&)dt



> Solve a problem eithere 1-1 or 1-2 (2 points),

» Present a question on the contents of the lecture, or to point
out error(s) in the lecture note/the lecture (up to 3 points).

Deadline: 15. April, 2025, 10:00 JST.

» Submit via LMS
» Format: PDF, 2 pages.
» Use Homework sheet on LMS
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