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Exercise 1-1

Problem (Ex. 1-1)
Let f(x, y) = eax cos y, where a is a constant. Find a function g(x, y)
satisfying

gx = −fy, gy = fx, g(0, 0) = 0.

Advanced Topics in Geometry A1 Problems 1 2025/04/25 2 / 14



Exercise 1-1

f(x, y) = eax cos y, gx = −fy, gy = fx, g(0, 0) = 0.
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Exercise 1-2

Problem (Ex. 1-2)
α: a 1-form on U = R2 \ {(t, 0) ; t 5 0} as

α = a(x, y) dx+ b(x, y) dy :=
−y

x2 + y2
dx+

x

x2 + y2
dy.

P = (r cos θ, r sin θ) ∈ U (r > 1, 0 < θ < π),

c1(t) :=
(
x1(t), y1(t)

)
= (cos t, sin t) (0 5 t 5 θ),

c2(s) :=
(
x2(s), y2(s)

)
= (s cos θ, s sin θ) (1 5 s 5 r),

∫
c1∪c2

α :=

∫ θ

0

(
a(x1(t), y1(t))

dx1
dt

dt+ b(x1(t), y1(t))
dy1
dt

dt

)
+

∫ r

1

(
a(x2(s), y2(s))

dx2
ds

ds+ b(x2(s), y2(s))
dy2
ds

ds

)
= ?
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Exercise 1-2; Differential Forms
α = a(x, y) dx+ b(x, y) dy: a 1-form
β = c(x, y) dx ∧ dy: a 2-form

df := fx dx+ fy dy f = f(x, y): a function
dα := (bx − ay) dx ∧ dy α = a dx+ b dy: a 1-form.
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Exercise 1-2; Differential Forms
The Exterior Product:

(1-form) ∧ (1-form) = (2-form); bilinear, skew-symmetric

The Exterior Derivative:

d(fα) = df ∧ α+ f dα, d(dx) = d(dy) = 0

(f : function, α: 1-form)
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Exercise 1-2; Poincaré lemma

α =
−y

x2 + y2
dx+

x

x2 + y2
dy ⇒ dα = 0

Theorem (Poincaré lemma)

U ⊂ R2: a simply connected domain
α: 1-form on U .
dα = 0

⇒
∃f such that df = α.
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Exercise 1-2; Line Integral (1)
U = R2 \ {(t, 0) ; t 5 0}, P = (r cos θ, r sin θ)

α =
−y

x2 + y2
dx+

x

x2 + y2
dy

c1(t) :=
(
x1(t), y1(t)

)
= (cos t, sin t) (0 5 t 5 θ),∫

c1

α :=

∫ θ

0

(
a(x1(t), y1(t))

dx1
dt

dt+ b(x1(t), y1(t))
dy1
dt

dt

)
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Exercise 1-2; Line Integral (2)
U = R2 \ {(t, 0) ; t 5 0}, P = (r cos θ, r sin θ)

α =
−y

x2 + y2
dx+

x

x2 + y2
dy

c2(s) :=
(
x2(s), y2(s)

)
= (s cos θ, s sin θ) (1 5 s 5 r),∫

c2

α :=

∫ r

1

(
a(x2(s), y2(s))

dx2
ds

ds+ b(x2(s), y2(s))
dy2
ds

ds

)
.
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Exercise 1-2
P = (x, y) = (r cos θ, r sin θ)∫

c1∪c2
α = θ =

⇒ df = α
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Ordinary Differential Equations

d

dt
x(t) = f

(
t,x(t)

)
, x(t0) = x0 (∗)

Existence
Uniqueness
Regularity on initial conditions and parameters
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Example

d

dt
x(t) = f(t, x(t)) = λx(t), x(0) = x0.
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Example
(
x(t)
y(t)

)
=

(
x0 cosωt+ y0

ω sinωt
−x0ω sinωt+ y0 cosωt

)
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Example

dx

dt
= t(1 + x2), x(0) = 0.
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