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(MTH.B405)

Informations

The classes on May 2nd will run on Tuesday’s program. Next lecture of this
class will be May 9th.

The deadline of today’s homework is 30th of April, Wednesday, 10:00JST, since
Tuesday is a national holiday.

Corrections

Lecture note, page 1, line 11: d(f(x), f(y) = d(f(x), f(y))

Lecture note, page 1, line —8: (1.3) — (1.5)

Lecture note, page 1, line —4: necessary to mathematical = necessary for mathematical
Lecture note, page 2, line —10: 92 f)0x0y) = 92 f(dxdy)

Lecture note, page 3, line 1: Since fy exists = (fz)y exists

Lecture note, page 3, line 2: mean curvature = mean value

Lecture note, page 4, the first line of Exercise 1-1: a is constant = a is a constant.
Lecture note, page 4, the 3rd line of Exercise 1-2: r >0 =171 > 1

Lecture note, page 4, 2 lines of the bottom of Exercise 1-2: «, 8 in the right-hand side
dxq

= a, b, d%, etc. = —, etc., that is the correct formula is:
0 dz d
[ e [ (ator0m ) St ot (0. ) 2 at)
c1Uca 0 dt dt

+f (a(xz(s),w(s)) 2 s 1 b@2(5),v2(5) ddﬂd) .

Students’ comments

8] zoom FRE] 37 v TENBZDTL & 5 2.

Will zoom recordings be uploaded each time? Lecturer’s comment ZD2% bh
TF. Yes.

R DANEZ I TS XHS DT, 28 1 Fo L SLUKAEHEZ R CEH¥ATL .

I haven’t seen the proof of the commutativity since my first year of undergrad, even
though I use it very often. Lecturer’s comment Z 172 BWE . T think
that’s normal

HRER S 7V T 7Ry b7y ZETHEOCTUILLTT [(IZHENTW22brsR NI
HH5)

I would like the alphabet written in block letters if possible. (Sometimes it’s hard to
tell what you’re writing.) Lecturer’s comment %77 L £73. T'll try.

EHDH T ¥ R —HEEFIT o TOTH DA,

I appreciate that the theorem counters are sequentially numbered. Lecturer’s
comment HA®DZ &Z A )LF ZH. This is my style.
FEOBRMPEETHAD T, 1-2Q DM EA LI BEVLET

Thank you very much for your help with the class materials, and I look forward to
working with you during the 1-2Q. Lecturer’s comment 25 5 Z%. It’s I who
should say so

B—HAWK e B _EAE OV THEHOMBETE > LD DOTENTLE LD TEE L2
W EWE L.

I want to review the first and second fundamental forms, which I had learned in an

undergraduate course but had forgotten. Lecturer’s comment 5 4 [0 C mention
L %7. I'll review them in the 4th lecture.
This is an interesting and useful course. There is no other request. Lecturer’s

comment Thanks.
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Q and A

Q 1: Parametrization OfT, Example 1.4 1%, 23 180° f L (Mliz &) 2RE TRV EE

WETH, ZDXIICEREE > TV T “parametrization of unit sphere” & R L T
HEVDTL x5, e d LD IEFEICIEERTED 5 Z D5 272D parametrization
EVWSHEHBEKTL x50 ?
Example 1.4 does not represent a longitude on the 180° line (including both ends).
I don’t think it represents a “parametrization of unit sphere”, as it doesn’t cover the
whole area. Can we say “parametrization of unit sphere” even if it doesn’t cover the
whole sphere? Or more precisely, do you mean the “parametrization of the surface of
the unit sphere”?

A: Z5WVHEKTT. EHIZIKA2A%LES parametrization 3FELEVA.
I mean so. In fact, there is no parametrization which cover the sphere once.

Q 2: XD parametrization @ 1 DHODBIT, HED [—7,7) x [ 5, 5] TRVDIE f ZHDiA
BRIZTHHTL & D0,
In the first example of parametrization of the sphere, is the reason why the area is not
[-m,7) X [-F, 5] to make f embedded?

A V. JHEFOKEGIE R? o THE) TEHD EEAR.

Yes. The set you are asking about is not a “region” of R2.

Q 3: Pseudosphere D XD IHRRENDH 2D L &, TOFEEZRRT 2B br2HEEH D E
T
When there is a singularity, such as in the pseudosphere, is there any way to know
existence of singularity without illustrating it?

A: 3v, 54 PIDERCHAL $3.

Yes, we will explain it in the 4th and subsequent lectures.

Q 4: Can the fundamental theorem of surface theory be applied to surfaces, such as a pseu-
dosphere? If so, which parameters in the fundamental forms reflect the smoothness of
the surface, or is it to complicated to be represented?

A: The fundamental theorem can be applied for a kind of class of surfaces having singularities,
with a slight modification. I'll mention it on the class of 2Q (Adv. Topics in Geom.
B1).

Q 5: The fundamental theorem for surface theory seems to be a statement about two di-
mensional manifolds in R3, so about submanifolds of codimension 3 — 2 = 1. Can the
theorem be generalized to arbitrary n and not just n = 3 for submanifolds of R™ of
dimension n — 17

A: Yes.

Q 6: My question is about the differential of the differential 2-form and its example of exterior
differential. I apologize if the question is basic, but I have never encountered the exterior
product boffo. After some research, I still wonder how does the exterior product A
apply to dz and dy in order to obtain d(adz + bdy) = (bgay)dx A dy? (Note: shown
ans original. the correct formula is d(adz + bdy) = (by — ay)dz A dy.)

A: OK, I'll explain it in the lecture (informally).

Q 7: On the blackboard file 3, the lemma states that d?f = 0 for all functions and used
schwarz theorem for the proof. Don’t we need to assume that f € C? at least?

A: Of course f must be C2. Sorry that I might drop the declaration: In our context, we
assume all quantities are of class C>° whenever otherwise stated.

Q 8: Commutativity in terms of differential forms T, f, a, b, c % C® & LTWETH, f
CtorEd df = fodx+ fydy EWVWIEHRELTEVTL & 5.
In the subsection “Commutativity in terms of differential forms”, f, a, b and c are
assumed to be C°. Can one define df := fr dz + fy dy even if f is of class C1?

A: FWV, XWTT. MR XTI 2720 CC ICLTWET (e 2X Cl 72 d(df) DIFEHIMRAE
INFEEA.)
Yes. We will assume all quantities are of class C°° to avoid complexity. For example,
if f is of class C, the existence of d(df) is not guaranteed.

Q 9: Actually I don’t understand first and second fundamental forms I and II. I think I
didn’t learn these two concepts during my undergraduate studies. Would you please
give me some suggestions about reference materials?

A: Don’t worry. These concepts will actually be introduced in 4th lecture. At this time,
think that they are only “words”.



