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Integrability Conditions

∂X

∂uj
= XΩj (j = 1, . . . ,m), X(P0) = X0. (*)

Proposition (Prop. 3.2)
If a matrix-valued C∞ function X : U → GL(n,R) satisfies (*), it holds
that

∂Ωj

∂uk
− ∂Ωk

∂uj
= ΩjΩk − ΩkΩj

for each (j, k) with 1 5 j < k 5 m.
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Integrability of Linear systems

∂X

∂uj
= XΩj (j = 1, . . . ,m), X(P0) = X0. (1)

∂Ωj

∂uk
− ∂Ωk

∂uj
= ΩjΩk − ΩkΩj (2)

Theorem (Thm. 3.5)
Let Ωj : U → Mn(R) (j = 1, . . . ,m) be C∞-functions defined on a
simply connected domain U ⊂ Rm satisfying (2). Then for each P0 ∈ U
and X0 ∈ Mn(R), there exists the unique n× n-matrix valued function
X : U → Mn(R) satisfying (1)
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Integrability Conditions

Lemma (Lem. 3.4)
Let Ωj : U → Mn(R) (j = 1, . . . ,m) be C∞-maps defined on a domain
U ⊂ Rm which satisfy

∂Ωj

∂uk
− ∂Ωk

∂uj
= ΩjΩk − ΩkΩj .

Then for each smooth map

σ : D 3 (t, w) 7−→ σ(t, w) = (u1(t, w), . . . , um(t, w)) ∈ U

defined on a domain D ⊂ R2, it holds that

∂T

∂w
− ∂W

∂t
− TW +WT = 0,

where T :=
∑m

j=1 Ω̃j
∂uj

∂t , W :=
∑m

j=1 Ω̃j
∂uj

∂w , (Ω̃j := Ωj ◦ σ).
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Integrability Conditions

∂X

∂uj
= XΩj (j = 1, . . . ,m), X(P0) = X0. (*)

Lemma (Lem. 3.3)
Let X : U → Mn(R) be a C∞-map satisfying (*) Then for each smooth
path γ : I → U defined on an interval I ⊂ R, X̂ := X ◦ γ : I → Mn(R)
satisfies the ordinary differential equation

dX̂

dt
(t) = X̂(t)Ωγ(t)

Ωγ(t) :=

n∑
j=1

Ωj ◦ γ(t)
duj

dt
(t)


on I, where γ(t) =

(
u1(t), . . . , um(t)

)
.
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Proof of Theorem 2.5 (outline)
Take P ∈ U , and a path γ : [0, 1] → U with γ(0) = P0 and γ(1) = P.
Solve the linear ODE as in Lemma 2.3 with initial condition
X̂(0) = X0.
Show the value X̂(1) does not depend on γ ⇐ by Lem. 3.4
Define X(P) := X̂(1).
Show X is the desired solution.
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Application: Poincaré’s lemma

Theorem (Poincaré’s lemma)
If a differential 1-form

ω =
m∑
j=1

αj(u
1, . . . , um) duj

defined on a simply connected domain U ⊂ Rm is closed, that is, dω = 0
holds, then there exists a C∞-function f on U such that df = ω. Such a
function f is unique up to additive constants.
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Application: Conjugation of harmonic functions

Theorem
Let U ⊂ C = R2 be a simply connected domain and ξ(u, v) a
C∞-function harmonic on U . Then there exists a C∞ harmonic function η
on U such that ξ(u, v) + i η(u, v) is holomorphic on U .
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Application: Conjugation of harmonic functions

Example
ξ(u, v) = eu cos v
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Exercise 3-1

Problem
Let

ξ1(u, v) :=
u

u2 + v2
, ξ2(u, v) := log

√
u2 + v2

be a function defined on non-simply connected domain U := R2 \ {(0, 0)}.

1 Show that both ξ1 and ξ2 are harmonic on U .
2 Verify that there exists a conjugate harmonic functaion η1 of ξ1 on U .
3 Prove that there exists no conjugate harmonic functaion η2 of ξ2 on

U .
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Exercise 3-2

Problem
Consider a linear system of partial differential equations for 3× 3-matrix
valued unknown X on a domain U ⊂ R2 as

∂X

∂u
= XΩ,

∂X

∂v
= XΛ,Ω :=

 0 −α −h11
α 0 −h21
h11 h21 0

 , Λ :=

 0 −β −h12
β 0 −h22
h12 h22 0

 ,

where (u, v) are the canonical coordinate system of R2, and α, β and hij
(i, j = 1, 2) are smooth functions defined on U . Write down the
integrability conditions in terms of α, β and hij .
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