
Advanced Topics in Geometry A1 (MTH.B405)
Gauss and Codazzi equations

Kotaro Yamada
kotaro@math.sci.isct.ac.jp

http://www.official.kotaroy.com/class/2025/geom-a1

Institute of Science Tokyo

2025/05/23

http://www.official.kotaroy.com/class/2025/geom-a1


Exercise 4-2, continued

ds2 = du2 + 2 cos θ du dv + dv2, II = 2 sin θ du dv

Î =

(
1 cos θ

cos θ 1

)
, ÎI =

(
0 sin θ

sin θ 0

)
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Q and A
Q: My question is actually about the exercise 4-2. Is it normal

that there is a possibility for det Î vanish? Wouldn’t that be
contradictory to the definition of p as a parametrization
according to the Cauchy-Schuwarz inequality as exploited in
(4.8).
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Exercise 4-2, continued

ds2 = du2 + 2 cos θ du dv + dv2, II = 2 sin θ du dv

pu · pu = pv · pv = 1, pu · pv = cos θ

pu = cos θ
2
e1 + sin θ

2
e2, pv = cos θ

2
e1 − sin θ

2
e2, ν = e3
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Exercise 4-2, continued

pu = cos θ
2
e1 + sin θ

2
e2, pv = cos θ

2
e1 − sin θ

2
e2, ν = e3

E := (e1, e2, e3); Eu = EΩ, Ev = EΛ

Ω =

 0 − θu
2 − sin θ

2
θu
2 0 cos θ

2

sin θ
2 − cos θ

2 0

 , Λ =

 0 θv
2 − sin θ

2

− θv
2 0 − cos θ

2

sin θ
2 cos θ

2 0

 ,
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The ingetrablility conditions
The Gauss-Weingarten formulas:

∂F
∂uj

= FΩj , Ωj =

Γ1
j1 Γ1

j2 −A1
j

Γ2
j1 Γ2

j2 −A2
j

hj1 hj2 0

 (j = 1, 2)

The integrability conditions:

∂Ω1

∂u2
− ∂Ω2

∂u1
− Ω1Ω2 +Ω2Ω1 = O
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The Gauss and Codazzi equations

Theorem (Theorem 5.3)
The integrability condition of G-W formula is equivalent to the following
three equalities:

h11,2 − h21,1 =
∑
j

(
Γj
21h1j − Γj

11h2j

)
h12,2 − h22,1 =

∑
j

(
Γj
22h1j − Γj

12h2j

)
Kds2 =

1

g
(h11h22 − h12h21)

(
= K

)
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The Gauss and Codazzi equations

Theorem (Theorem 5.3, continued)
Here, g := det(gij) = g11g22 − g12g21, and

Kds2 :=
1

g
R12,

Rjk :=
1

2
(g1k,2j − g1j,2k + g2j,1k − g2k,1j)

−
∑
i,s

gis(Γ
s
ksΓ

i
1j − Γs

k1Γ
i
2j)

+ 2
∑
l,s

gkl(Γ
l
s2Γ

s
1j − Γl

1sΓ
s
2j).
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Formulas
(gij) = (gij)

−1∑
l

gilglj = δij , gil,k = −
∑
α,β

gαigβlgαβ,k

Γk
ij =

1

2

∑
l

gkl(glj,i + gil,j − gij,l) = Γk
ji

gij,k =
∑
l

(
gilΓ

l
jk + gljΓ

l
ik

)
,

∑
i

Γi
ji =

1

2g
g,j

(
g = det(gij)

)
Ai

j =
∑
l

gilhlj
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Proof of Theorem 5.3

I11 I12 I13
I21 I22 I23
I31 I32 I33

 := Ω1,2 − Ω2,1 − Ω1Ω2 +Ω2Ω1

Ωj =

Γ1
j1 Γ1

j2 −A1
j

Γ2
j1 Γ2

j2 −A2
j

hj1 hj2 0

 (j = 1, 2)
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Exercise 5-1

Problem (Ex. 5-1)
Assume L = N = 0, that is, II = 2M dudv = 2h12 du

1 du2, Prove that, if
the Gaussian curvature K is negative constant,

Ev = Gu = 0, that is, g11,2 = g22,1 = 0.
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Exercise 5-2

Problem (Ex. 5-2)
Assume F = 0 and E = G = e2σ, where σ is a function in (u, v). Let
z = u+ iv (i =

√
−1) and define a complex-valued function q in z by

q(z) :=
L(u, v)−N(u, v)

2
− iM(u, v).

Prove that the Codazzi equations are equivalent to

∂q

∂z̄
= e2σ

∂H

∂z
,

where H is the mean curvature, and

∂

∂z
=

1

2

(
∂

∂u
− i

∂

∂v

)
,

∂

∂z̄
=

1

2

(
∂

∂u
+ i

∂

∂v

)
.
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