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Informations

e Today is the final class of MTH.B405. Thank you for attending and cooperating
the course.

e Please fill the form “Course Survey” in LMS.

Corrections

e 20250523-C-handout.pdf, page 8, the second line of definition of R;x: I'j, = T'},.

o Lecture Note, page 31, eq. (6.3):

1< 1<
Ffj =3 ;gkl(gkj,i + 9ik,j — 9ij,k) = Ffj =3 IX:gkl(glj,i + gi1,5 — 9ij,1)
=1 =1

e Lecture Note, page 32, proof of Lemma 6.2: g;; = ;.
¢ Lecture Note page 32 (and page 7 of Handout/Blackboard C), Problem 6-2:

1 1
Aa:—isinhcr = Ao:—isinh2a

o Lecture Note, page 33, line 1: it hold = it holds

Students’ comments
o ZDHLDIFEHEHENZ S TEFRDOT, B 2Q DIF2—2Y v FEMICA->TIELLEWL
SKFFHTY.
I’'m not very good at this field because of amount of calculations, so I’'m hoping to get
into 2Q non-Euclidean geometry as soon as possible.

Lecturer’s comment A lot of calculations are included in 2Q’s lectures.

Q and A

Q1: (M 6-1122oVWT) SRIOaXy FAERZEENCEIL LT, By 2AHERERZF12
Ouy = sin@ PREIZ D FE L2, —F, TRGEBROADEDIBIZ W, B LLEZD
EORBIEZMO ZEHYETH?
(For Problem 6-1) This time the Codazzi equations hold automatically and we need
6uy = sinf to see the Gaussian equation. Is it usual to deal with Gaussian equations
that are harder to solve than Codazzi?

A: Depending the problems. This time, and in the lectures in 2Q, we first solve Codazzi
equations, and Gauss then.

Q 2: What fails if Uis not simply connected?

A: The solution might be multi-valued, like Problem 1-2.

Q 3: Do we have any example when (g;;, hij) does not satisfy Gauss equation or Codazzi
equation, and show that such surface does NOT exist?

A: If the fundamental forms do not satisfy Gauss/Codazzi, the corresponding surface does
not exist (automatically) because the Gauss and Weingarten equations do not satisfy
integrability conditions. For example, ds® = dx? 4 dy? be II = dz? + dy? cannot be
realized by any surface in R3.

Q 4: Thm 6.1 FEHE & FAIBEHZRVT-BL WS 22T LR?

Does the uniquness in Theorem 6.1 mean unique up to rotations and translations?
A: Yes.
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Q 5: [ 6-1 1I2BWVWT Gauss equation 2°5 0y = sin PRETH S Z LIIRINFTH, D
Oup = sinf LWV —RHENOREME, MOHETHIDPZ2DTL I35 ? ZArd Gauss
equation ZFHE L THIDTHHREDTL & 5 2.

In problem 6-1, it is shown that 64, = sinf is required from the Gauss equation, but
can this seemingly neat condition 60, = sinf be found in other ways? Or can it be
found only by calculating the Gauss equation?

A: The Gauss-Weingarten equations for these fundamental forms are simple (cf. Problem
4-2). The Gauss equation is the integrability condition of these.

Q 6: What happens if two symmetric matrices T and II with components that are real-
valued C'*°-functions on U satisfy only Gauss equation? Or only Codazzi’s? Can
anything be said about the existence of regular surfaces p with fitting fundamental
forms in such cases?

A: No. The corresponding surface cannot exist because the compatibility condition of the
Gauss frame fails.

Q 7: We need the first fundamental form to be positive definite, in particular invertible. If
0 € (0,7) then there might exist (u,v) € U such that cos? §(u,v) = 1. If we replace the
first fundamental form by ds? = 1 du? + cos 6 du dv + 1 dv?, then ds? is positive definite
and the Codazzi equations are satisfied.

A: When 6 € (0,7), |cosf| < 1, never reaching 1.



