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Theorem

Let 6: U — (0,7) be a smooth function defined on a simply
connected domain U C R? satisfying the sine-Gordon equation

W “
Ory = sind &~ &o““ Q_B

Then there exists a regular parametrization p: U — R> of a
pseudospherical surface whose first and second fundamental forms
are written as

ds? = dz? 4 2 cos 0 dz dy + dy?, I =2si :
¢ / Gdazze

explicit construction. C)mb | “a.
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p: U — R3: a pseudospherical surface (K = —1):

ds® = da® + 2 cos 0 dx dy + dy?, II = 2sinf dz dy

1

z==(u—v), y=

1
5 —(u+v)

2
=

50 20 | 5 6 . 0
ds = cos? ﬁdu + sin? §dv, II cos2sm2(d — dv®)

e L Gumdol s Miw d) (du=dv)
Cdue )™
% lwb)&u‘-e[-L Lr,.@) -




0 0 0 0
ds® = cos? = du® + sin® = dv?, II = cos = sin - (du? — dv?)
2 2 2 2
= 0 °e 50
. pu'pu:C082§7 Pu Py =0, pv-pv281n2§
6 0
v PuyV=COS=8SIN— = —Dyy VUV, Pyp V=0
P 27 2
Orthonormal frame:
+ F = (e1,ez,e3), pu=cosger, py=singes v=e;

|\

v
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The Gauss-Weingarten equation i
(€ & &), = (& & @i |
PN C(tmv«lb“" 3 ?u“ ?\»)v
J 0 —0,/2 —sin
FuFQF<v/2 Cg) 0.),
. ~ . 0
b &= oA OMGSD L,
0 Fo=FAHLF (au/z 0  cos g&) :
PU'A ’ p 0 0
]

—COoS 5 0]

N L | Ouu — Oy = sind|

o = (w8€)), = * @+ e @)

s"}n-?’(g'@\)u' € =§:&«TW S = b bo
= tPho ?\")u~ Qu’ PGM':)
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The Fundamental Theorem

Theorem

Let 6: U — (0,7) be a smooth function defined on a simply
connected domain U C R? satisfying the sine-Gordon equation

A @Seuu O, =sind  ~> J= (Q‘ QL@

Then there exists a regular parametrization p: U — R> of a
pseudospherical surface whose first and second fundamental forms
are written as

6 0 g . 0
ds® = cos? 3 du? + sin? 3 dv?, II = cos 3 sin §(du2 — dv?)

b= Pudus o= ond eduvritad
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T TN=- -

.. 1.
6 = —sind = 792+sin2€:E2 250)

Solving Sine-Gordon equatio ‘I{ L ) = 0
o) —wsl)=
2 1st mhswl

2 2 . 0

=

| 4 %
_<)_i ._()_lm, ‘-‘_'ﬁ—‘
¢:=cv) = o, s:=s(v)=—=s G

= A+s2=1, (&3)=cos=(—s,c)
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cosEFu —sinFu 0
= = Fo(U)R(u)PT(’UX R(u) = [ sinEu cosEu 0
- 0 Y0 1

z 0 9

O
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F = Fo(v)R(u)PT(v) 'P:. 9 ¢S

Fy=FA 2 1

= Fo =0

= F= R(u)PT(v)
W

=e; =uj, ey=cv)ux+s(v)us

cosEu —sinFu 0
R(u) = (u1,u2,u3) | sinEu  cosEu 0
0 0 1

Il
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Finding the parametrization

er =uy, ez =c(v)us+s(v)us
A

cosBu —sinEu 0 i 1 0
(ui,u2,u3) = | sinFu cosEu 0], c¢(v) ===, s(v) = =sin—
0 0 1

0 0
dp = py du + p, dv = cos = eldu—{—smzegdv

2
= fm%utd“ (S‘“%g:e Us *.L%M‘WQ
------ — o

/
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The constant function 6(u,v) = 0 is a solution of the sine-Gordon
0y, = sin @ although it does not satisfy the

condition 0 < 6 < m. In this case, explain what happens on the
solution of the Gauss-Weingarten equation and resulting “surface”

p(u,v).

equation 0, —
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Let 6 = 6(z,y) be a solution of the sine-Gordon equation

tzy = sinf. Assume a function ¢ satisfies
“

(so_—@) —asin 29 <90_+9) _ L2
. 2 . 2

2 2 a

where a is a non-zero cghstant. Prove that ¢ is also a solution of

the sine-Gordon equatign.
K By = s

z;auew oranefrnilin
A ( rwfration o Ww_ﬂ‘&)
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