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Exercise 5-1

Problem
Consider a map

p : R2 3 (u, v) 7�! (v coshu, v, v sinhu) 2 R3.

1. Verify that the image p(R2) is contained in the cone
{(x, y, z) 2 R3 ; x2 � y2 � z2 = 0}.

2. Is the induced metric p⇤ h , i complete on R2?
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---y= V = const /cross sector of the image (
with the plane y= r
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Exercise 5-1
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Exercise 5-2

Problem
Prove that the shortest curve (with respect to the canonical
Riemannian metric) joining O := (0, 0) and P := (L, 0) (L > 0) on
the Euclidean plane is the line segment joining them.

Advanced Topics in Geometry B1 2025/07/25 4 / 6

(2 ,0

-

o i



Let (1) = ((H· g(t)) OEAE1 be a curve (C)
x(l) = 1 > 0

joining 0 and P (CCLOSWe I
y()

= 0

2)=te + Yet at E) ! Lite at
= (Id(
= (x(x) - x(r)) =1

· the line segment joining O& P has length h.
the line segment is a shortent path.

· converse ?



2(6) = 1 = "Z"should be" =
"

=> D ,: Y(a)=0 = y : cut = y= 0

O : ci(t) does not change sign.
(cz0)

=>=Let
increasing
Sin wider sense)

undecreasy
=> line segment.



This argument works for thehyperbolic plane.
I next Lecture (

#Almost works for the sitere.
antipodal ports

) state pains .



Recall

Problem (Exercise 2-1)
Let �(t) =

�
x(t), z(t)

�
(� 2 I) be a parametrized curve on the

xz-plane satisfying
�
x0(t)

�2
+ (z0(t))2 = 1 (t 2 I), (⇤)

where I ⇢ R is an interval. Consider a surface

p�(s, t) :=
�
x(t) cos s, x(t) sin s, z(t)

�
,

which is a surface of revolution of profile curve �.
1. Show that p� is pseudospherical if and only if x00 = x holds.
2. Can one choose I = R?
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Exercise 2-1
x = e�s x = A sinh s x = A cosh s

Advanced Topics in Geometry B1 2025/07/25 6 / 6

= 1 I cannot held
# whole onRLorentzian

geometry -- -
↑

&

-

↑

⑭i I C


