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O(n,1): IA
the group consits of the linear transformations of R+ preserving
the Lorentz inner product ( , )

@ +1) xCn+1) malivius o) veal) comppa

O(n,1) = {A € M 11(R),; (Az, Ay) = (z,y) for any z, y € R™1}

=AM R)AVA=Y),
A, Ag>- FAT YA Y
< LY> = A Y
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A = (aij)ij=0,..n € O(n,1) = det A = £1 and |ago| = 1]
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The set O(n,1) C M,+1(R) consits of fo4 connectealcomponents,

LSO_|_(7’L, 1) -:={A = (aij)i,j:() .n € 1\4/ R);det A > 0, ago >00}

{A = (aij)i,j:() ..n € 1\%1 R):;det A> 0, agp < 0},

(R);

{A = (a-ij)i,j:() ..n € %(R) det A 0, agp > 0},
(R);
(R); detA<0a00<0}

A = (om0 » & 1\%

O(n.
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Causality (ﬂ%&) & wid evm W.QJJJ.M”Y’TRQN&

Definition
A vector x in R**! is said to be A
» space-like & (z,z) > 0or z =0, eo

> time-like & (x,x) <0,
» light-like or null or isotoropic < (x,x) =0 and 2z £ 0

L&, e°>\ ~

= FF"'% o)
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Let x € R™! be a time-like vector. Then its orthogonal
complement

ti={y eR™; (y,z) = 0}
is an n-dimensional linear subspace of R"+1, conSIstlng of ;Oi

space-like vectors. ¢ % ‘6» >0 {&f ‘&{:
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L"*1: the (n + 1)-dimensional Lorentz-Minkowski space
> Lt =@R"")as a manifold.

> For each :c(T;ﬂL"*) = R"*! is endowed with the Lorentz

inner product:

ﬂ\
> -,
71

N\,
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An isometry of L™t is in the form f

LrH a:cl—n\élg:—l-gelnﬂ, AcO(ngf,1), acR™™.
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The Hyperbolic space

The hyperbolic space: LQ)H

"
H" .= {x = (xo,..., z,)T e R™ (@) = —1 &o > 0} c L™+

A |

V{ n-dimensional submanifold of L7t = R*+1, .((4'.)

» (, ) is positive definite on TpL" ",

(WY 00) Y Recwominn il
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Let © € H™ and v € TH™ with (v,0) = 1. Then &%, uD> =0

|/’)’:1:,v(t). (cosht):z:—i— (sinht)v -Y

is n H™ with vz (0) = z_and 74 ,(0) = v. In

particuldr, the hyperbolic space is because the geodesics

Yx,v are defined whole on R.
Y Vy= uiui RN %&J&W
+ < t(\f.{v‘)g-..l
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where u and v are real numbers.

5

S =

N[

o R
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coshu sinhwu
sinhu coshu

, B =

= O =N

0 cosv —sinv N\’
. (0] 0] sin v CoS v
m
<o)

Verify that A and B are elenents of SO4(3,1).
When A is conjugate to B? (Hint: Compute the eigenvalues.)

Lorentz-Minkowski space



S i={z R adx =1}, . X wﬁa
*.
T,S™ := the tangent space of S™ at x € S™, ’/‘3
UgS"™ :={v € TxS"; |v| =1}.

i
1 TpS" =zt ={veR"!; z.v=0}. \54)

2. Show that the curve

Ve, (t)= (cost)x + (sint)y (x € S™,v e UgS™)

in R is a curve on S™ with yg.» @) =  and v@ =,
. : ;

3. Letx, y € S" (x #y): Findv € UgpS™ and ty € (—m, )
such that vz v (to) = y. (Hint: orthogonalization)
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