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The Lorentz inner product

(, ): The Lorentz inner product on R"*!

(x,y) = —x0Yo + T1Y1 + -+ + TpYn = wTYy,

o Y1 0 1 ... 0
where z=| .|, y=]| .|, and Y := .
Tn, Un o 0 ... 1
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The Lorentz group

O(n,1):
the group consits of the linear transformations of R"*! preserving the
Lorentz inner product ( , )

O(n,1) = {4 € My41(R),; (Az, Ay) = (z,y) for any z, y € R™™}
={AeM,1(R); ATYA =Y},
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The Lorentz group

Lemma
A = (a;j)ij=0,..n € O(n,1) = det A = +1 and |ago| = 1. J
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The Lorentz group

Fact
The set O(n,1) C M,,+1(R) consits of for connected components,

SO4(n,1) :={A = (aij)i,j=0,...n € Mpt1(R);det A > 0,a00 > 0},

(@ij)ij=0,...n. € Mpt1(R);det A < 0,a00 > 0},
{A = (aij)i,j:O’,,,7n € M,,11(R);det A > 0, a9 < 0},
{A = (aij)i,j:(),_,,n € M,,11(R);det A < 0,a9p < 0}.
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Causality

Definition

A vector x in R"*! is said to be
@ space-like & (x,x) > 0 or x =0,
o time-like & (z,z) <0,

o light-like or null or isotoropic < (x,x) =0 and x # 0.
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The orthogonal complement of a time-like vector

Lemma

Let x € R""! be a time-like vector. Then its orthogonal complement
zt = {y eR™; (y,2) = 0}

is an n-dimensional linear subspace of R"*!, consisting of space-like
vectors.
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The Lorentz-Minkowski space

L™+ the (n + 1)-dimensional Lorentz-Minkowski space
o L1 = R"*! as a manifold.

e For each &, TpL"t! = R"*! is endowed with the Lorentz inner
product.

2025/07/25 (2023/04/25 :T1E) 8 /13



[sometries

Fact

An isometry of L"*1 is in the form

L"*' 52+ Az +a € L, AcO(n+1,1), acR"
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The Hyperbolic space
The hyperbolic space:

H" :={x = (z0,...,2,)T e R"™; (x,x) = —1,29 > 0} c L"™!

@ n-dimensional submanifold of L?t1 = Rn*+1,
o T H" =at.

e (, )is positive definite on TL 1.



Completeness
Let x € H" and v € T, H" with (v,v) = 1. Then
Ya,v(t) := (cosht)x + (sinht)v

is a geodesic on H"™ with 7z 4(0) = = and v}, ,,(0) = v. In particular, the
hyperbolic space is complete because the geodesics 74 1 are defined whole
on R.



Exercise 6-1

Problem
Let
% 1 0 % coshu sinhwu 0 0
A 1 1 0 1 B sinhu coshw 0 O ,
0 0 1 0 0 0 cosv —sinwv
—% -1 0 % 0 0 sin v COoS v

where u and v are real numbers.
@ \Verify that A and B are elenents of SO, (3,1).
@ When A is conjugate to B? (Hint: Compute the eigenvalues.)




Exercise 6-2

Problem
S"i={x eR"";x. x =1},
T,S™ := the tangent space of S™ at x € S™,
UgS"™ :={v € TxS"; |v| = 1}.

Q IpS" =zt ={veR";z.v=0}
@ Show that the curve
Yaw(t) = (cost)x + (sint)v  (z € S, ve UpS™)

in R"*1 is a curve on S™ with vz »(t) = @ and v} ,,(t) = v,

Q Letx,ye S" (x#y): Findv € UpS™ and ty € (—m, ) such that
Yew(to) = y. (Hint: orthogonalization)
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