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Hyperbolic plane

H
2 := {x = (x0, x1, x2)

T 2 L3 ; hx,xi = �1, x0 > 0}

R2
+ := {(x, y) 2 R2 ; y > 0}, ds

2 =
dx

2 + dy
2

y2
,

⇡ : H2 3 (x0, x1, x2) 7�!
✓

x2

x0 + x1
,

1

x0 + x1

◆
2 R2

+.

I ⇡ is an isometry.
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work on general dimensions
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Straight lines

Lemma
Let

�(t) = �c,r(t) :=

(
(r tanh t+ c, r sech t) (0 < r < 1),

(c, et) (r = +1),

where c 2 R. Then

⇡
�1 � �(t) = (cosh t)x+ (sinh t)v

for some x 2 H
2 and v 2 TxH

2 with hv,vi = 1.
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Straight lines
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Straight lines

I TxH
2 = x?

I UxH
2 = {v 2 TxH

2 ; hv,vi = 1}.
�x,v(t) := (cosh t)x+ (sinh t)v.
I � is a curve in H

2 with �(0) = x, �0(0) = v.
I h�0, �0i = 1, i.e., t is the arc-length parameter.
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Straight line

Proposition
A shortest path joining two distinct points x and y 2 H

2 is
parametrized as �x,v, where

v =
y + hx,yix
|y + hx,yix| 2 UxH

2
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Distance

Proposition
For x, y 2 H

2,

dist(x,y) = cosh(�hx,yi).
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Pythagorean theorem

coshX = coshY coshZ
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Poincaré disc model

Stereographic projection:
I D := {(u, v) ; u2 + v

2
< 1}.

I ⇡P : H2 3 (x0, x1, x2) 7! (u, v) = 1
1+x0

(x1, x2) 2 D.
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Poincaré disc model

Poincaré disc model:

D = {(u, v) ; u2 + v
2 = 1}, ds

2 =
4

(1 + u2 + v2)2
(du2 + dv

2).
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Poincaré disc model

Circle limit IV (M.C. Escher, 1960)
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Klein model

Central projection:
I D := {(⇠, ⌘) ; ⇠2 + ⌘

2
< 1}.

I ⇡C : H2 3 (x0, x1, x2) 7! (⇠, ⌘) = 1
x0
(x1, x2) 2 D.

ds
2
C =

1

(1� ⇠2 � ⌘2)

�
(1� ⌘

2) d⇠2 + 2⇠⌘ d⇠ d⌘ + (1� ⇠
2) d⌘2

�
.
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Final Remarks

I Non-Euclidean geometry

I Pseudospherical surfaces

I Construction of Pseudospherical surfaces

I Non-existence of models of non-Euclidean geometry as
surfaces in R3 (Hilbert)

I A model of non-Euclidean geometry as a surface in
Lorentz-Minkowski space.

I Various models of non-Euclidean geometry.
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Enjoy!
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