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Hyperbolic plane

H2 = {;1; = ($0,$1,.’L‘2)T c Lg, <$,$> = —1,(17(] > 0}

dz? + dy?

Ry == {(z,y) eR*; y >0}, ds*= %,
X9 1 2
7 H? > To,T1,T2) —> , € R7.
(O ! 2) <w0+331 wo—i-xl) +

@ T is an isometry.
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Straight lines
Lemma
Let

(rtanht + ¢, rsecht) (0 <7< o0),
o(t) = ocr(t) == )

(c,e") (r = 400),
where ¢ € R. Then

7 Yo o(t) = (cosht)x + (sinht)v

for some & € H? and v € Ty H? with (v,v) = 1.
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Straight lines
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Straight lines

o TpH? =zt
o UpH? ={v e T,H?; (v,v) =1}.
Y, (t) = (cosht)x + (sinht)v.
e v is a curve in H? with v(0) = z, 7/(0) = v.
o (7,7) =1, i.e, tis the arc-length parameter
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Straight line

Proposition

A shortest path joining two distinct points  and y € H? is parametrized
as Yx,v, Where
v YT (@Y

xXr
=2 YT, H?
ly+(z,y)z| "
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Distance

Proposition

Forx, y € H?,
dist(x,y) = cosh(— (z,y)).

2025/08/01 (2023/04/25 RTE) 7 /14



Pythagorean theorem

cosh X = coshY cosh Z
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Poincaré disc model

Stereographic projection:
o D:={(u,v); u? +v? <1}

o mp: H? > (20,21, 22) — (u,v) = (z1,22) € D.

1+1:0
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Poincaré disc model

Poincaré disc model:

D = {(u,v); u® +v* =1}, ds® = 5 (du® + dv?).

(14 u?+0v2)




Klein model

Central projection:

o D:={(&n); & +n* <1}
e mc: H? > (550,1517372) = (5777) = %('1"171"2) €D.
1

dst: = =gz =y (L= 7)A€+ 26 d€ dn + (1= € d’).




	Hyperbolic Space

